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ABSTRACT 
 
The two primary objectives in structural designing of reinforced and prestressed concrete 
structures are to satisfy both strength and serviceability requirements. Serviceability of a 
prestressed flexural concrete member usually refers to its ability to control deflections and 
crack widths within acceptable limits at service loads. Excessive deflections in structural 
members during service life of a building can cause many serviceability problems to the other 
parts of the structure such as aesthetic and functional problems, damage to structural and non-
structural elements and decreased stiffness of the adjacent members. Hence, deflection 
analysis is important to ensure that the reinforced or prestressed concrete flexural member 
will deflect within the allowable limits during its lifetime. Prediction of deflections in 
reinforced or prestressed concrete members can be extremely complex due to many factors 
that affect the deflection such as non-linear and inelastic concrete properties, time-dependent 
behaviour of concrete such as creep and shrinkage, bond-slip between concrete and steel, 
crack development with time and time-dependent prestress losses.  
 
The available simplified deflection models presented in design standards for the prediction of 
long-term deflection of concrete members contain many drawbacks. They are mostly 
empirical and approximate and do not realistically account for factors such as variations in the 
shrinkage and creep characteristics of concrete, bond slip behaviour between concrete and 
steel and the effect of prestress losses over time. Furthermore, in recent years the tendency to 
use high strength concrete and steel, and shallower sections has resulted greater importance of 
predicting and controlling short-term and long-term deflections of concrete flexural members 
under service loads. Hence, there exists a need for research on the development of a reliable 
and practical solution for predicting the long-term deflection of concrete beams and slabs 
under sustained loads. In particular, further research into the prediction of long term 
deflection in post-tensioned concrete members is required. An analytical model which 
considers the above factors has been developed to predict long-term deflections, rotations, 
crack width and crack spacing of post-tensioned concrete flexural beams and one-way 
spanning slabs subjected to sustained loads in the service load range. 
 
 iii
In the proposed analytical model, the analysis is governed by two conditions: whether the 
member is cracked or uncracked. The cracked region of the member is divided into a series of 
discrete blocks bounded by flexural cracks. The sectional stresses and strains in concrete and 
steel in the cracked block are computed by applying the equations governing the sectional  
equilibrium conditions, material laws for concrete and steel and local bond and slip laws 
between concrete and steel. In the cracked block the non-linear variation of strains in concrete 
and non-compatibility of tensile strains between steel and concrete, have been taken into 
account. The uncracked regions of the flexural member are analysed by applying equilibrium 
conditions and strain compatibility. The sectional stresses and strains at any given time are 
computed by incorporating the long-term effects of creep and shrinkage to cracked and 
uncracked regions. 
 
A computer program simulating the long-term deformation behaviour has been developed 
based on the analytical model and validation of the model has been carried out using existing 
experimental data. In addition, the monitoring of long-term deflections of post-tensioned slabs 
and beams of a multi-storey office building during construction was carried out and a 
comparison between the monitored and predicted deflections using the developed analytical 
model is presented. Furthermore, a parametric study to investigate the effects of material and 
geometric properties on the long-term deflection, rotation, crack width and crack spacing of 
post-tensioned flexural members has been carried out and the results are presented. 
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CHAPTER 1 
 
INTRODUCTION 
 
1.1 RESEARCH BACKGROUND 
 
Excessive deflections of structural members can occur during a buildings service life that 
is outside of the original design intent. Such unaccounted deformations can result in the 
appearance of visible cracks in partition walls and other elements supported by these 
members resulting in unsatisfactory serviceability performance. Hence, deflection analysis 
is important to ensure that the reinforced or prestressed concrete flexural member will 
deflect within the allowable limits during its lifetime. Over the past several years, 
numerous cases have been reported in Australia where the predicted deflections have been 
far less than the actual deflections observed for flexural elements (Gilbert, 2001; Gilbert, 
1999; Pulmano and Shin, 1987). The available simplified deflection models presented in 
design standards (AS 3600, 2009; CEB-FIP Model Code, 1993) for the prediction of long-
term deflections of concrete members contain many drawbacks. They do not realistically 
account for factors such as variations in the shrinkage and creep characteristics of 
concrete, bond slip behaviour between concrete and steel and the effect of prestress losses 
over time. Furthermore, in recent years consideration of short-term and long-term 
deflections have become increasingly important because the introduction of high strength 
concrete and steel has resulted in smaller sections and greater deflections under service 
loads (Gilbert, 1999; Samra, 1997). Hence, there exists a need for research on the 
development of a reliable and practical solution for predicting the long-term deflection of 
concrete beams and slabs under sustained loads. 
 
In designing of reinforced and prestressed concrete flexural members two main 
requirements that is ultimate strength and serviceability, have to be satisfied. The ultimate 
strength design process includes the analysis of ultimate moment, axial force, shear force 
followed by the sizing of sections and the computation of amount of reinforcement and 
prestressing steel need to satisfy the strength requirements. Strength depends primarily on 
the properties of steel and can be predicted with reasonable accuracy as the yield stress of 
steel can be determined with good accuracy (Warner et al, 1998). After the requirements 
of strength have been met, a check on serviceability is performed including deflections 
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and cracking. Serviceability design depends on the properties of concrete and is more 
difficult to predict due to the non-linear, inelastic and time-dependent nature of concrete.  
 
1.2 OBJECTIVES AND SCOPE OF THESIS 
 
In this thesis an investigation is undertaken to predict the long-term deflection of post-
tensioned concrete suspended beams and one-way spanning slabs under sustained loads. 
The study consists of the following stages: 
 
•  Development of an analytical model that can predict time-dependent 
deformations in post-tensioned concrete suspended beams and one-way 
spanning slabs under sustained loads by applying a block-element approach 
that considers the effect of material properties such as shrinkage and creep of 
concrete, cracking, bond-slip behaviour between steel and concrete, tension 
stiffening and prestress losses with time. 
 
• Monitoring of real-life deflections in post-tensioned concrete floors in a high 
rise office building during construction. 
 
• Validation of the analytical model using available experimental results.  
 
• Comparison of the predicted deflections using the analytical model with 
deflection measurements obtained by monitoring of post-tensioned concrete 
floors in the high rise office building. 
 
• Parametric studies using the above analytical model to determine the effect of 
material and geometric properties on the long-term behaviour of suspended 
concrete one-way spanning slabs and beams. 
. 
• Conclusions of this research and recommendations for future studies. 
The scope of this research is limited to post-tensioned suspended beams and one-way 
spanning slabs subjected predominantly to flexure under service load conditions. Time-
dependent effects such as concrete creep and shrinkage, the bond between concrete and 
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steel in the cracked region and flexural cracking are considered.  A computer model is 
developed in Fortran 90 to carry out the analysis. 
  
1.3 THESIS CONTENTS 
 
Following the introductory chapter, outlining the general context of the research, Chapter 
2 presents the factors affecting deflection of prestressed concrete flexural members such as 
non-linear, inelastic and time-dependent properties of concrete, non-prestressing steel 
quantities and time-dependent prestress losses. Existing simplified and rigorous analytical 
methods to predict deflections of reinforced and prestressed concrete flexural members are 
also presented in this chapter. 
 
The analytical model for predicting short-term and long-term deflections in uncracked and 
cracked flexural members using block elements and incorporating section equilibrium 
conditions, concrete properties, bond-slip behaviour between concrete and steel, tension 
stiffening effects and prestress losses, is presented in Chapter 3. The model is capable of 
analysing simply-supported reinforced, partially prestressed and fully prestressed concrete 
beams and one-way spanning slabs. A computer program using Fortran 90 is developed 
for analysis. 
 
In Chapter 4, the ability of the analytical model to predict time-dependent deformations in 
concrete flexural suspended beams and slabs is carried out by comparing the existing 
experimental results of structural elements such as concrete beams and slabs to predicted 
values from the analytical model.  
 
In Chapter 5, a method is presented to analyse continuous concrete flexural members by 
using the analytical model developed in Chapter 3.  
 
As a part of the investigation the actual deflections of post-tensioned slabs and beams in a 
multistorey office building were measured from the commencement of the construction. 
Very few published work cover the measurements of deflections of post-tensioned slabs 
and beams of a building during construction. Therefore the actual measured deflection 
data of the office building would be a major contribution to the knowledge of real-life 
deflection behaviour of post-tensioned beams and one-way spanning slabs. Chapter 6 
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presents the structural details of the monitored office building, material properties and 
survey results. Furthermore, a comparison between the real-life monitored deflection 
measurements and the predicted deflections obtained using the analytical model for 
continuous members is presented in this chapter.  
 
Chapter 7 presents the influence of concrete and steel material properties and geometric 
properties such as depth of the member and the slenderness ratio on the prediction of the 
long-term behaviour of prestressed concrete beams and one-way spanning slabs. This 
parametric study is further continued to consider the effects of concrete and steel material 
properties on the prediction of local deformations such as rotation, crack width and crack 
spacing under long-term service loads. 
  
Chapter 8 summarises the conclusions of this research and provides recommendations for 
future studies. 
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CHAPTER 2 
 
REVIEW OF EXISTING METHODS TO CALCULATE 
DEFLECTIONS IN BEAMS AND SLABS 
 
2.1 INTRODUCTION 
 
The prediction of deflections in reinforced and prestressed concrete members can be 
extremely complex due to the many factors that affect the deflection, such as the non-
linear and inelastic concrete properties, the time-dependent behaviours of concrete such as 
creep and shrinkage, the bond-slip behaviour between concrete and steel, tension 
stiffening effects, non-prestressed and prestressed steel properties and time-dependent 
prestress losses. 
 
Slab and beam long-term deflections can be predicted using empirically derived formulae 
given in the design codes. According to Australian Standard for concrete structures (AS 
3600, 2009) in the simplified method for deflection calculation, the short-term deflection 
of a cracked member can be calculated using the constant effective moment of inertia Ie, 
given by an empirical equation. In the absence of more accurate methods, the long-term 
deflection due to creep and shrinkage is derived by multiplying the short-term deflection 
by a factor which depends upon the compressive and tensile steel area provided in the 
member. Empirical methods are approximate and the outcome may vary considerably 
from the actual deflections. Alternatively, for more accurate deflection predictions, 
detailed analytical procedures for slabs and beams can be carried out (Bažant and Oh, 
1984; Ghali and Tadros, 1985; Pulmano and Shin, 1987; Gutiérrez et al., 1996; Alwis et 
al., 1994; Chong, 2004; Bains, 2005; Arújo, 2005 and Kwak and Kim, 2005). These 
procedures provide more accurate results but involve lengthy and complicated 
calculations.  
 
In order to develop the analytical procedures to predict the time-dependent deformations 
in post-tensioned beams and one-way spanning slabs, this chapter provides the factors that 
influence deflection prediction and a review of existing methods to calculate deflections in 
beams and slabs. 
 6
2.2 FACTORS INFLUENCING DEFLECTION OF PRESTRESSED 
CONCRETE FLEXURAL MEMBERS 
 
The factors affecting the deflection of a flexural prestressed concrete member include the 
magnitude and distribution of load, the span and the condition of restraints, steel 
percentages, concrete tensile strength, time dependent properties of creep and shrinkage, 
the interaction between concrete and reinforcing and prestressing steel when concrete 
cracks in tension and the loss of prestress due to the relaxation of prestressing steel, creep 
and shrinkage (Branson, 1966; Favre and Charif, 1994; Ali et al., 1996, Gilbert, 2001; 
Washa and Fluck, 1952; Stevens, 1972).   
 
2.2.1 Tensile Strength of Concrete 
 
Concrete is a composite material that consists of cement binding medium and embedded 
particles or fragments of aggregate. As concrete has a highly heterogeneous and complex 
microstructure, it is difficult to develop realistic models of its microstructure from which 
the behaviour of the material can be reliably predicted. The properties of concrete such as 
compressive strength and modulus of elasticity change with time and are significantly 
influenced by the environment, in particular temperature and relative humidity. 
 
The tensile strength of concrete is an important property because a reinforced or 
prestressed concrete member will crack when the tensile stress in the extreme fibre 
exceeds the tensile strength of concrete. Once the concrete member is cracked the overall 
member stiffness is reduced, however the intact concrete between cracks can still carry 
tensile stresses after cracking in the concrete member due to the bond between 
reinforcements or prestressing tendons and the surrounding concrete. This effect is known 
as tension stiffening and is usually neglected when calculating the strength of a reinforced 
or prestressed concrete beam or slab. However, under serviceability conditions the 
contribution of concrete in tension between cracks cannot be neglected. For general 
engineering purposes, tensile strength may be expressed as a function of the compressive 
strength and according to AS 3600(2009) the characteristic uniaxial tensile strength can be 
computed by:  
 
'' .36.0 cct ff =                          (2.1) 
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Characteristic flexural tensile strength can be calculated by: 
 
''
. .6.0 cfct ff =                          (2.2) 
 where 'cf  is the characteristic compressive strength of concrete at 28 days. 
 
Favre and Charif (1994) conducted a parametric study using the simplified calculation 
method according to CEB-FIP Model Code (1993), to investigate the influence of different 
parameters on mean curvature, which is used to compute the deflection of flexural 
members. They concluded tensile strength has a great influence on the mean curvature 
only if the loading level is close to the cracking moment.      
                                                                                                                                                                        
2.2.2 Time-Dependent Behaviour of Concrete 
 
When concrete is subjected to stress, its response is both immediate and time-dependent.  
If temperature remains constant, the time-dependent deformation of a concrete specimen 
under load is caused by creep and shrinkage. Creep of concrete can be defined as the time-
dependent deformation of concrete material under a sustained stress. Hence creep is stress 
and time-dependent while shrinkage is considered to be time-dependent but stress-
independent. The properties of the cement and the aggregates, the amount of water and 
admixture, volume-to-surface ratio of the concrete member and the relative humidity and 
temperature of the ambient medium are among the factors that influence the magnitudes of 
creep and shrinkage. 
 
2.2.2.1 Creep 
 
Creep strain is produced by sustained stress, and is both stress-dependent and time-
dependent. Creep strain εcr(t) is composed of two main components: the delayed elastic 
strain εcf(t) which is recoverable, and the flow, which is irrecoverable or permanent 
(Gilbert, 1988; Liu, 2007). The flow component of creep is further subdivided into rapid 
initial flow εft(t), basic flow εfb(t) and drying flow εfd(t). 
 
( ) ( ) ( ) ( ) ( )ttttt fdfbftcfcr εεεεε +++=                        (2.3) 
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Figure 2.1 shows variation of strain with time for a concrete that is loaded for some time 
and then unloaded. 
 
 
Figure 2.1 Strain variations with time 
 
Concrete members loaded at a younger age deflect more than members loaded at an older 
age as the former generate creep strain more quickly (Koh et al., 1997; Gilbert, 1988). 
Hence, the age of concrete at the time of applied loading plays a significant role in the 
long-term deformation of concrete members. Many prediction models (AS 3600, 2009; 
CEB-FIP Model Code, 1993) are available to predict concrete creep strain. The creep 
model in Clause 3.1.8 of AS 3600 (2009) is used for the analytical model in Chapter 3 and 
is given below. 
 
 The creep strain at any time t caused by a constant sustained stress σ is given by: 
 
ccr E/φσε =                           (2.4) 
 
where, Ec is the mean modulus of elasticity of the concrete at 28 days and φ  is the design 
creep coefficient at time t. The design creep coefficient φ can be determined from the 
basic creep coefficient bφ  as: 
 
bkkkk φφ 5432=                          (2.5) 
 
Elastic strain 
Instantaneous recovery 
Delayed elastic recovery 
Permanent Creep (Flow) 
Strain ε(t) 
Time 
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where, 
htt
tk
15.0
.
8.0
8.0
2
2 +=
α                       (2.6a) 
 
 hte 008.02 12.10.1
−+=α                       (2.6b) 
 
th is the hypothetical thickness of the member and k3 is the maturity coefficient obtained 
from Figure 3.1.8.3(B) of AS3600 (2009). k4 is equal to 0.70 for an arid environment, 0.65 
for an interior environment, 0.60 for a temperate inland environment, and 0.50 for a 
tropical or near-coastal environment. k5 is a modification factor for high strength concrete 
and is taken as: 
 
0.15 =k              when MPafc 50' ≤                   (2.7a) 
( ) ( ) '335 0.102.00.2 cfk αα −−−=     when MPafMPa c 10050 ' ≤<                  (2.7b) 
 and the factor α3=0.7/(k4.α2) 
 
Several methods are available to analyse the effects of creep on a concrete member, 
including the Effective Modulus Method (EMM), the Age-adjusted Effective Modulus 
Method (AEMM), the Rate of Creep Method (RCM) and the Rate of Flow Method 
(RFM). Of these, the first two methods are most widely applied. According to Gilbert 
(1988), the EMM suggested by Faber (1972) is the oldest and the simplest method and the 
effective modulus (Eeff(t,t0)) at time t due to an applied load at time t0 is expressed as given 
below: 
 
),(1
)(
),(
0
00
0 tt
tE
ttEeff φ+=                         (2.8) 
 
where E0(t0) is the modulus of elasticity of concrete at time t0. The disadvantages of this 
method are that for an increasing stress history EMM overestimates creep and ignores the 
aging of concrete (Gilbert, 1988). AEMM suggested by Trost (1967) and later developed 
by Bazant (1972), takes into account the aging of concrete and is appropriate for situations 
where the stress changes. In this method the EMM is modified by introducing the aging 
coefficient χ(t,t0) with a magnitude between 0.6 and 0.9. The age-adjusted effective 
modulus is given by:  
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),().,(1
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),(
00
00
0 tttt
tE
ttEeff φχ+=                        (2.9) 
 
2.2.2.2 Shrinkage 
 
The restraints provided by supports or the adjacent structures and by bonded steel limit the 
free movement of the concrete member due to shrinkage. This imposes shrinkage-induced 
tensile stresses on the concrete. These stresses may lead to time-dependent cracking, 
widening of existing cracks and increases in deflection. Shrinkage is therefore one of the 
major factors affecting long-term deflection in concrete flexural members. Shrinkage of 
concrete is the time-dependent strain measured in an unloaded and unrestrained specimen 
at constant temperature and is due to the loss of moisture from the concrete.  
 
There are four types of shrinkage: plastic, drying, carbonation and autogenous (Lam, 
2002; Gribniak et al., 2008). Plastic shrinkage is due to the loss of water from freshly 
poured concrete and can cause cracking shortly after the concrete is poured. Plastic 
shrinkage can be minimised by keeping the concrete surface wet until the surface has been 
finished and routine curing begins. Drying shrinkage is caused by the loss of water from 
the surface of the gel particles in the hardened concrete. As a result, the exterior concrete 
shrinks more rapidly than the interior, leading to tensile stresses in the outer skin and 
compressive stresses in the interior. Carbonation shrinkage is due to the chemical reaction 
of various cement hydration products with carbon dioxide present in the air. Autogenous 
shrinkage is the macroscopic volume change occurring with no moisture transferred to the 
exterior surrounding environment (Halt, 2005). Shrinkage types and stages can be mapped 
as shown in Figure 2.2 (Halt and Leivo, 2004) and in the analysis of concrete structures 
two components, drying shrinkage and autogenous shrinkage, are considered (Gribniak et 
al., 2008; Halt and Leivo, 2004).  
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 Figure 2.2 Shrinkage stages and types 
 
Some of the parameters that affect concrete shrinkage are paste parameters, such as water-
cement ratio, moisture content and admixtures, concrete parameters such as aggregate 
stiffness, volume-to-surface area ratio and concrete member thickness and environmental 
parameters such as temperature and relative humidity and drying rate (Barr et al., 2003; 
Bissonnelle et al., 1999; Gilbert, 2001, Halt, 2005). Many prediction models (AS3600, 
2009; CEB-FIP Model Code, 1993) are available to predict concrete shrinkage strain. The 
shrinkage model in Clause 3.1.7 of AS 3600 (2009) is used for the analytical model in 
Chapter 3 and is given below. 
 
The design shrinkage strain of concrete (εcs) is the sum of the chemical (εcse) (autogenous) 
shrinkage strain and the drying shrinkage strain (εcsd): 
 
csdcsecs εεε +=                        (2.10) 
 
The autogenous shrinkage strain is given as: 
 
( )tcsecse e 1.00.1 −∗ −×= εε                        (2.11) 
where t is the time after setting and ∗cseε  is the final autogenous shrinkage strain given by: 
 
6' 1050)0.106.0( −∗ ××−= ccse fε                      (2.12) 
At any time t (in days) after the commencement of drying, the drying shrinkage is given 
as: 
Shrinkage 
Early Age (<24 hours) 
Drying Autogenous 
Thermal 
Long-term (>24 hours) 
Autogenous 
Carbonation
Drying 
Thermal 
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bcsdcsd kk .21 εε =                        (2.13) 
 
where 
htt
tk
15.08.0
8.0
1
1 +=
α  and hte 005.01 2.18.0 −+=α                    (2.14) 
 
k2 is equal to 0.7 for an arid environment, 0.65 for an interior environment, 0.6 for a 
temperate inland environment and 0.5 for a tropical or near coastal environment. The basic 
drying shrinkage strain bcsd .ε  is given by 
 
*
.
'
. )008.00.1( bcsdcbcsd f εε −=                     (2.15) 
 
where final drying basic shrinkage * .bcsdε  shall be taken as 800x100-6 for Sydney and 
Brisbane, 900 x100-6 for Melbourne and 1000 x100-6 elsewhere. 
 
As mentioned earlier, tensile stresses occur when free shrinkage is restrained by the 
member supports and by the reinforcement in the member. Excessive tensile stresses in 
concrete due to shrinkage may cause cracking, increases in deflection and widening of 
existing cracks (Eguchi and Teranishi, 2005; Gilbert, 2001; Kim and Cho, 2005). In an 
unsymmetrically reinforced concrete member shrinkage induced curvature (KShrinkage) 
develops with time as the reinforcement provides restraint to free shrinkage as shown in 
Figure 2.3.  
  
 Figure 2.3 Shrinkage curvature (KShrinkage) in a singly reinforced beam 
 
Gilbert and Mickleborough (1990), Gilbert (2001) and Gilbert (2011) present methods of 
computation of shrinkage curvature (KShrinkage). The method presented in Gilbert (2001) is 
KShrinkage
Reinforcement
D 
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used for the analytical model in Chapter 3 as it is applicable to prestressed members and is 
given below. 
 
The Shrinkage induced curvature (KShrinkage) in reinforced or prestressed concrete section is 
approximated by:  
 
D
k
K csrshrinkage
ε=                        (2.16) 
 
where D is the overall depth of the section, εcs is design shrinkage strain and factor kr 
depends on the quantity and location of the bonded reinforcement and computed from 
Equations 2.17a, 2.17b, 2.17c or 2.17d. 
 
For an uncracked cross-section, kr = kr1 and kr1 is given as: 
 
( ) 3.1021 115.02500100 ⎥⎦
⎤⎢⎣
⎡ −⎥⎦
⎤⎢⎣
⎡ −−=
st
sc
r A
A
D
dk ρρ   when ρ = Ast/b.d0 ≤ 0.01                     (2.17a) 
 
( )
3.1
0
1 115.0
35.040 ⎥⎦
⎤⎢⎣
⎡ −⎥⎦
⎤⎢⎣
⎡ −−=
st
sc
r A
A
D
dk ρ  when ρ = Ast/b.d0 > 0.01                      (2.17b) 
 
where Ast is the equivalent area of bonded reinforcement in the tensile zone at depth d0 
(the depth from the extreme compressive fibre to the centroid of the outermost layer of 
tensile reinforcement). The area of any bonded reinforcement and tendons in the tensile 
zone not contained in the outer most layer of tensile reinforcement (i.e. located at a depth 
d1, less than d0) included in the computation of Ast by multiplying that area by (d1/ d0). Asc 
is the area of compressive reinforcement. 
 
For a cracked reinforced concrete section in pure bending kr = kr2 and kr2 is given as: 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛⎥⎦
⎤⎢⎣
⎡ −=
0
2 5.012.1 d
D
A
A
k
st
sc
r                     (2.17c) 
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For a cracked partially prestressed section or for a cracked reinforced concrete section 
subjected to bending and axial compression, the factor kr is given as:  
 
( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛−+=
n
n
rrrr d
d
kkkk 1121                     (2.17d) 
 
where dn is the depth of the intact compressive concrete on the cracked section and dn1 is 
the depth of the intact compressive concrete on the cracked section ignoring the axial 
compression and/or the prestressing force. 
 
2.2.3 Loss of Prestress 
   
Prestress losses are defined as the loss of compressive force which acts on the concrete 
component of the prestressed concrete section. The losses are categorized as either 
instantaneous or long-term. Instantaneous losses include frictional losses, elastic 
shortening and anchorage slip. Long-term losses in prestress are due to concrete creep, 
shrinkage and relaxation of prestressing strands. Elastic deformation of concrete during 
transfer causes an immediate reduction in tensile strain and the loss in the stress in the 
prestressing steel is called the elastic shortening loss. In post-tensioned concrete members 
during the process of post-tensioning, friction losses occur along the tendon and cause a 
gradual reduction in prestress with the distance along the tendon from the jacking end 
(Bradford et al., 2007). AS3600 (2009) and BS 8110 (1985) present methods to compute 
friction losses.  
 
According to AS3600 (2009) long-term loss of stress in the prestressing steel (Δσpsh) due 
to shrinkage strain, creep and tendon relaxation shall be calculated as given below. The 
loss of stress (Δσpsh) due to shrinkage strain in concrete is given as: 
 
shppsh E εσ .=Δ                          (2.18) 
 
where Ep is the modulus of elasticity of prestressing steel and εsh is the design shrinkage 
strain. If reinforcement is present, it offers restraint to shrinkage and the stress loss in the 
tendon is smaller than given in Equation 2.18. To account for this reduction, Equation 2.18 
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is modified dividing by (1+15As/Ag) where As is the cross-sectional area of reinforcement 
and Ag is the gross sectional area of the member section.  
The loss of prestress due to creep is calculated from analysis of creep strains in the 
concrete and in the absence of more detailed calculations, the loss due to creep (Δσpcr) is 
given as: 
 
( ) pcciccpcr EE ./8.0 σϕσ =Δ                       (2.19) 
 
where φcc is the design creep coefficient, Ec is the modulus of elasticity of concrete and σci 
is sustained stress in the concrete at the level of the centroid of the tendon calculated using 
the initial prestressing force prior to any time-dependent losses and the sustained portions 
of all the service loads. 
 
According to AS 3600 (2009), the loss of stress in a tendon due to relaxation of the tendon 
in the member is determined by modifying the percentage loss of stress due to the design 
relaxation of the tendon (R) to take into account the effects of shrinkage and creep. In the 
absence of a more detailed calculation, the percentage loss of stress in the tendon due to 
relaxation is given as: 
 
R.[1-(the loss of stress due to creep and shrinkage / σpi)]                  (2.20) 
 
where σpi is the stress in the tendon immediately after transfer and R is the design 
relaxation of the tendon computed as given in Clause 3.3.4 of AS 3600 (2009). Gutierrez 
et a. (1996), Ghali and Tadros (1985) and Teng and Branson (1983) have taken into 
account the prestress losses in their proposed time-dependent deformation models for 
partially prestressed concrete members. 
 
2.2.4 Quantity of Compressive Reinforcement 
 
Washa and Fluck (1952) and Stevens (1972) have shown the presence of compressive 
steel in reinforced concrete beams is effective in reducing creep deflections. Washa and 
Fluck (1952) have shown the quantity of compressive reinforcement equal to tensile 
reinforcement reduced the gross creep deflection (due to creep and shrinkage) of a beam 
without compressive steel, about one half. Beams with compressive reinforcement equal to 
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half of tensile reinforcement quantity had a reduction of approximately one third. 
Inclusion of compressive reinforcement equal to the tensile reinforcement reduced the 
compressive creep about 60 percent and inclusion about half as much reduced the 
compressive creep by 40 percent. Stevens (1972) conducted a series of sustained loading 
tests on reinforced concrete beams and the following conclusions were drawn. Creep in 
beams without compressive reinforcement is slightly greater than the creep of beams with 
compressive reinforcement and the addition of compressive steel equal to that provided in 
the tension zone halves the amount of creep. 
   
2.3 EXISTING METHODS TO COMPUTE LONG-TERM DEFLECTIONS IN 
BEAMS AND SLABS 
 
The prediction of long-term deflection of a concrete flexural member depends on many 
parameters such as the non-linear nature of concrete properties, loading history, flexural 
cracking, reinforcement and prestressing steel ratios and time-dependent effects of creep, 
shrinkage, ageing of concrete as well as relaxation of prestressing steel. There are 
basically two methods to control deflections of flexural members. One method is to 
compute deflections using simplified or rigorous procedures and then check whether these 
computed deflections are within the allowable limits. Alternatively, the span-to-depth ratio 
of the member may be kept within the specified limits and if these limits are maintained, 
deflection may not be computed and serviceability in terms of deflection control is 
considered to be satisfied. The long-term deflection calculation of reinforced and 
prestressed concrete beams and slabs can be categorised into simplified methods and 
rigorous methods.  
 
Some codes (AS 3600, 2009; CEB-FIP Model Code, 1993) provide simplified methods to 
compute short-term and long-term deflection. Under simplified methods the short-term 
deflection for a cracked member is computed by using effective second moment of area Ie 
or mean curvature Km of the member which are given by empirical equations. The 
additional long-term deflection due to creep and shrinkage is computed as the sum of the 
shrinkage deflection and creep deflection determined from the design shrinkage strain and 
creep coefficient of concrete respectively and the principles of mechanics. The second 
simplifying method to compute long-term deflection is multiplying the short-term 
deflection by a deflection multiplier λ which is given by an empirical equation. In these 
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simplified methods, flexural cracking variation with time, bond-slip effects between steel 
and concrete, steel in the cracked region, ageing of concrete and load history have been 
ignored. The present simplified procedures may not predict short-term and long-term 
deflections accurately, particularly for lightly-reinforced concrete beams and slabs 
(Gilbert, 1999). Hence the need arises for better design procedures given by rigorous 
methods. In rigorous methods loading history, ageing of concrete, bond-slip behaviour 
between concrete and steel between cracks and progressive cracking with time have been 
considered. 
 
2.3.1 Methods of Computation of Deflection 
 
The maximum deflection (Δ) at mid-span of a simple or continuous flexural member can 
be computed by using curvatures at three sections: at mid-span (Km), at left-hand support 
(Kl) and right-hand support (Kr) and this method is applied in most simplified deflection 
computations. Ghali (1993) presents equations to compute the mid-span deflection of a 
simple or continuous member with variable cross-sections and deflection at the tip of a 
cantilever with parabolic or straight line variation of curvature, as shown in Figure 2.4 
below.  
 
Curvature K at a section can be computed as: 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −=
st
stco
d
K
εε
                       (2.21) 
 
where εco is the strain at the extreme concrete compressive fibre, εst is the steel strain at the 
tensile steel and dst is the depth to the tensile steel from the top fibre strain, as shown in 
Figure 2.5. 
 
 18
 
Figure 2.4 Geometric relationships between curvature and deflection (Ghali, 
1983) 
 
 
Under a rigorous method the deflection (Δ) at any location in a flexural member is 
computed by the double integration of the curvature K along the member and given as: 
 
dxdxK ..∫∫=Δ                         (2.22) 
 
Δ 
Δ
L/2 L/2 L/2 L/2 
Kl Kr
Km 
Kl
Kr Km 
Kl
Kr
Kr 
Km 
Km
Δ=(L2/96).( Kl +10 Km + Kr) 
Δ=(L2/48).( Kl +4 Km + Kr) 
Δ=(L2/6).( 2 Km + Kr) 
Δ=(L2/24).( Kl +6 Km +5 Kr) 
(a) Simple or Continuous Beam (b) Cantilever 
Kl 
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.    Figure 2.5 Strain variation of a section 
 
2.3.2 Tension Stiffening 
 
When the tensile stress at the extreme concrete fibre of a section exceeds the tensile 
strength of concrete, a crack is formed and the stiffness of the member is reduced. At the 
crack, tensile force is fully carried by the tensile steel. Between cracks, part of the tensile 
force carried by the steel is transferred to the concrete through the bond at the steel-
concrete interface. This contribution of concrete in tension is known as tension stiffening 
and it affects the member’s stiffness after cracking and hence its deflection and the crack 
width. In simplified and rigorous deflection computation methods the tension stiffening 
effect under serviceability have been considered by applying various approaches including 
the Effective moment of Inertia (AS 3600, 2009), the Mean curvature method (CEB-FIB 
Model Code, 1993), the Modified stress strain curve for concrete in tension (Gilbert and 
Warner, 1978; Bazant and Oh, 1984), the Modified stiffness of reinforcing steel (Gilbert 
and Warner, 1978; Belarbi and Hsu, 1994; Kwak and Kim, 2006), the Tension chord 
method (Kaufmann and Marti, 1998; Pimentel et al., 2010) and block models (Fantilli et 
al., 1998; Gravina, 2002; Rebentrost, 2003). Some of the most commonly used tension 
stiffening models are detailed below. 
 
2.3.2.1 Effective Moment of Inertia 
 
In this approach, the effect of cracking on the stiffness of the section is taken into account 
by using a modified value of moment of inertia and this method is used in the Australian 
code AS 3600 (2009). The deflection of an uncracked member can be computed on the 
basis of uncracked or gross moment of inertia Ig. Once cracking occurs, the stiffness of the 
B
D 
dsc
dp 
dst 
εco 
εst 
εcp 
(a) Section of the member (b) Strain  
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member is reduced due to cracking. Therefore deflection computation should be done on 
the basis of effective moment of inertia Ie, to include the effects of tension stiffening and 
progressive cracking. The upper limit for Ie is the uncracked value Ig, while the lower limit 
is the fully cracked state Icr. Effective moment of inertia for short-term deflection can be 
computed by Equation 2.23 as given in Clause 8.5.3.1 of AS 3600 (2009). 
 
( )( ) max.3*/ efscrcrgcre IMMIIII ≤−+=                     (2.23) 
 
where 
Ief.max = maximum effective second moment of area and is taken as I, for reinforced  
sections when ρ=Ast/bd ≥ 0.0005 and prestressed sections 
= 0.6 I, for reinforced sections when ρ=Ast/bd <0.0005 
       b   = width of the cross-section at the compression face 
    *sM  = Maximum bending moment at the section, based on the short-term serviceability 
load or the construction load. 
    Mcr  = Cracking moment 
     Icr  = second moment of area of a cracked section with the reinforcement transformed         
to an equivalent area of concrete. 
 
Bischoff (2005) has proposed an alternative equation to compute Ie as given below: 
2
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M
M
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II                       (2.24) 
where Iuncr is the uncracked transformed moment of inertia and *sM  is the service load 
moment. 
 
The curvature (K) at any section can be computed as: 
 
ec
s
IE
MK
.
*
=                      (2.25) 
 
where Ec is the modulus of elasticity of the concrete. 
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2.3.2.2 Mean Curvature Method 
 
Another approach to account for the tension stiffening effect is to use the mean curvature 
Km. The moment-curvature relationship for a flexural member is shown in Figure 2.6. The 
difference between mean curvature Km and curvature in fully cracked section Kcr is due to 
the tension stiffening effect. CEB-FIP Model Code (1993) gives the following equation for 
the tension stiffening effect Kts, 
 
( ) ⎟⎠
⎞⎜⎝
⎛−=
M
MKKK crbruncrrcrts β..                       (2.26) 
 
where Kcr.r is the curvature in craked state corresponding to cracking moment Mcr and 
Kuncr.r is the curvature in uncracked state corresponding to cracking moment Mcr. 
 
21βββ =b                         (2.27) 
 
β1 is the coefficient corresponding to the bond quality of the reinforcing bars, β1=1 for high 
bond bars and 0.5 for smooth bars. β2 is the coefficient corresponding to the influence of 
the duration of application or of repetition of loading. β2=0.8 at first loading and 0.5 for 
long-term loading or for a large number of load cycles.   
The mean curvature at any section of an element is given as: 
 
uncrm KK =   for State 1                     (2.28) 
tscrm KKK −=  for State 2                     (2.29) 
 
The deflection at any section in the member is computed by the double integration of the 
curvature. 
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Figure 2.6 Moment curvature relationship 
 
2.3.2.3 Modified Stress Strain Curve for Concrete in Tension 
 
To account for the tension stiffening effect, a descending branch for tensile concrete of 
cracked reinforced concrete members is used. Many researches (Bazant and Oh, 1983; 
Bazant and Oh, 1984; Massicotte et al., 1990; Belarbi and Hsu, 1994; Kaklauskas and 
Ghaboussi, 2001; Torres et al., 2004; Stramandinoli and Rovere, 2008) and the model 
code CEB-FIPModel Code (1993) have presented stress-strain relationships for the 
descending branch. Figure 2.7 shows the stress-strain relationship for tensile concrete 
presented by Bazant and Oh (1984). 
Kuncr Km Kcr 
Moment 
Curvature
crb Mβ  
Kts 
Mcr 
State 1 
State 2 
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Figure 2.7 Uniaxial stress-strain relations for concrete in tension (Bazant and  
  Oh, 1984) 
 
For  tpct εε <    ctcct E εσ .=                    (2.30) 
 
For tfcttp εεε <<    ( )( )ttpctctct Ef −−−= εεσ '                  (2.31) 
 
For tfct εε >    0=ctσ                   (2.32) 
 
where σct, εct = uniaxial stress and strain of concrete, Ec= Young’s elastic modulus of 
concrete, 'ctf = direct tensile strength, εtp =strain at peak tensile stress εtf = final strain when 
the tensile strain is reduced to zero (full fracture) and Et= tangent strain softening modulus 
(negative) expressed as: 
 
'57
70
ct
c
t f
E
E +
−=                       (2.33) 
where Ec, 'ctf and Et are in psi. 
 
As shown in Figure 2.8, the concrete tensile stress distribution at a given section can be 
computed by using the tensile stress-strain relationship. By applying strain compatibility, 
force and moment equilibrium conditions, the concrete top fibre strain εco and the steel 
strain εst at the section can be computed and curvature K can be calculated by using 
Equation 2.21. 
Tensile stress σct 
Tensile strain εct 
'
ctf  
tpε  tfε  
Ec 
Et
1
1
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Figure 2.8 Strain and stress distribution at a section 
 
2.3.3 Simplified Methods 
 
Simplified methods for predicting short-term and long-term deflections are mainly based 
on empirical equations which are derived from experimental research. Two major 
approaches are available in codes AS3600 (2009), CEB-FIP Model Code (1993). In the 
research literature, one approach is to compute the deflection in concrete members using 
the effective moment of inertia Ie or mean curvature Km and the other approach is to 
control the span-to-depth ratio of the member. 
 
To compute additional long-term deflection due to creep and shrinkage, many current 
codes suggest multiplication of the immediate deflection by an empirical factor in the 
absence of more accurate calculation methods. According to AS 3600 (2009), this 
empirical factor Kcs for a reinforced concrete beam or slab is given by: 
 
8.02.12 ≥⎥⎦
⎤⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛−=
st
sc
cs A
AK                      (2.34) 
 
where Asc is the area of steel in the compressive zone of the cracked section between the 
neutral axis and the extreme concrete compressive fibre and Asc/Ast is taken at mid-span, 
for a simply-supported or continuous beam, and at the support, for a cantilever beam. The 
computation of long-term deflection using this method has several drawbacks (Gilbert, 
1982). It does not account for the load independent shrinkage, the creep characteristic of 
concrete, crack development and ageing of concrete. 
dn 
εco 
εst 
'
ctf  
dst 
Neutral axis depth 
(a) Strain (b) Stress 
σst 
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Gilbert (2011) has presented factors such as cracking, tension stiffening, creep and 
shrinkage on instantaneous and time-dependent deformations and a method to include 
these factors in the design of reinforced concrete structures for serviceability. Empirical 
equations for the shrinkage-induced curvature on cracked and uncracked cross-sections are 
presented and the creep induced curvature Kc(t)  is expressed as: 
 
( ) ( ) ατφ /, 00 tKtKc =                         (2.35) 
 
where K0 is the instantaneous curvature, φ (t,τ0) is the creep coefficient and α is a factor 
that depends on the amount of cracking and the reinforcement quantity and location. 
Empirical expressions for α are given for uncracked and cracked sections. The average 
curvature at a section of a cracked member is computed by: 
 
( ) uncrcravr KKK ζζ −+= 1.                       (2.36) 
 
where ζ is a distribution coefficient given by: 
 
2
.1 ⎟⎟⎠
⎞
⎜⎜⎝
⎛−=
s
tcr
M
Mζ                        (2.37) 
 
where Mcr.t is the cracking moment at the time under consideration and Ms is the maximum 
in-service moment that has been imposed on the member at or before the time instant at 
which the deflection is being determined. By applying Equation 2.36 instantaneous 
curvature, shrinkage curvature and creep curvatures are computed at a section and the 
deflection is determined by numerical integration of the total curvatures. 
 
Gilbert (1982) proposed a method to compute long-term deflection based on an average 
cross-section for the cracked region of a beam which contains an area of tensile steel Act 
located at the tensile steel level to account for the tension stiffening as shown in Figure 
2.9.  
 
The tensile concrete area Act based on test data is given as: 
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[ ]( )2/21.0 MMnAdbA cstwct −=                      (2.38) 
 
where Mc is the cracking moment, bw is the beam width at level of tensile steel. The 
moment of inertia Ie of the average section is given as: 
 
( )[ ]23 1124
12
3 ∗∗∗ −+= knkbdIe ρ                      (2.39) 
 
and ( )[ ] ρρρ ∗∗∗∗ −+= nnnk 22                      (2.40) 
 
where, 
st
ct
A
A
nn +=∗                        (2.41) 
where n is the modular ratio(Es/Ec) and ρ is the reinforcement ratio (Ast/bd). 
  
                 Figure 2.9      Average section after cracking 
 
Creep and shrinkage-induced curvatures are computed separately using a rate of creep 
analysis and an idealised I section first proposed by Warner (1973). The creep-induced 
curvature under a constant load is computed as: 
 
( ) ( ) ( )0KttK oc ⎟⎠
⎞⎜⎝
⎛= α
φ
                       (2.42) 
(a) Section of the member 
b 
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where K(0) is the initial curvature and φ o(t) is the creep coefficient at time t and α is given 
as: 
∗
∗−+=
k
k1
2
31α                        (2.43) 
 
α accounts for the effect of cracking and the braking action of the tensile reinforcement on 
creep. For a section with compressive reinforcement the creep induced curvature is much 
reduced and to account for this α is multiplied by (1+(Asc/Ast)) where Asc is the 
compressive reinforcement area. 
 
The shrinkage induced curvature is given as: 
( ) ( ) ( )
0ye
tt
tK sshsh +
−= εε                        (2.44) 
 
eA
Iy
.0
=                         (2.45) 
 
where e is the distance from the centroidal axis of the concrete cross section to the steel 
level and I is moment of inertia of the section ignoring the steel. εsh(t) is the shrinkage 
strain at time t. The strain at the steel level is given by: 
 
( ) ( )
sst
s EA
tYt
.
=ε                         (2.46) 
 
where Y(t) is the compressive force in the steel due to shrinkage and given as: 
 
( ) ( ) ⎥⎦
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∗∗= 0/.. ϕε csh EAS                        (2.49) 
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A
Ast
c =ρ                        (2.50) 
 
where I is the idealized I-section, ∗0φ  is the creep function at time infinity, ∗shε  is the 
shrinkage strain at time infinity and A is the concrete area on an average cracked section. 
For a beam containing compressive reinforcement, the shrinkage curvature given in 
Equation 2.44 is multiplied by (1- (Asc/ Ast)). The total curvature at time t is the addition of 
initial, creep and shrinkage curvatures. Long-term curvature is calculated at several 
sections along the beam and by integrating the curvature, the long-term deflection is 
computed. 
 
Samra (1996) presented a method to describe the stress, strain and deflection behaviour of 
reinforced concrete beam based on effective moment of inertia Ie given in ACI 318-95, the 
change of moment of inertia of the cracked section Icr with time due to the creep effect. An 
equation to predict long-term creep deflection Δct was derived and given as: 
 
( )
( )tec
ieci
ct IE
IEΔ=Δ                          (2.51) 
where Δi is the initial deflection and (EcIe)i and  (EcIe)t are the stiffness of the member at 
initial time i and time t. The methods of computation of (EcIe)i and  (EcIe)t are presented in 
the paper. The initial deflection is given as: 
 
( )iec
a
i IE
LKM
.
2
=Δ                         (2.52) 
 
where K is the deflection coefficient reflecting the nature of the loading and boundary 
conditions of the member, Ma is the applied moment and L is the length of the beam.  
 
Branson and Trost (1982) presented unified procedures to predict the deflection and 
centroidal axis location of partially cracked non-prestressed and prestressed (with or 
without non-prestressed tension steel) concrete members. In this method the short-term 
deflection is based on the empirical equation for effective moment of inertia Ie. Once the 
short-term deflection Δ is computed a simple method has been presented to estimate time-
dependent effects of creep and cracking as given below: 
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Time-dependent deflection= Kr.φ t.Δ                       (2.53) 
 
where Kr is a reduction factor for the effect of compression steel and downward movement 
of the neutral axis with time, φ t is the creep coefficient. An empirical equation was 
suggested to compute the centroidal depth of the effective cracked non-prestressed and 
prestressed concrete members which can be used to compute the strain and stress of the 
section when required. Although the method of estimation of short-term and long-term 
deflection is simple and easy to apply, the shortcoming of this method is that it is based on 
empirical equations and fails to account for the loss of prestress with time. 
 
Teng and Branson (1993) proposed a method to compute initial and time-dependent 
deformation of progressively cracking non-prestressed and partially prestressed concrete 
beams. This proposed method uses I-effective and the centroidal depth of the effective 
cracked section given by Branson and Trost (1982). The total period of analysis is divided 
into several smaller time steps and load increments and prestress loss with time is taken 
into account, which is an improvement to the method proposed by Branson and Trost 
(1982). Equations are given to compute strains and curvature increments for each time 
step due to creep and shrinkage effects and to compute time-dependent prestress loss in 
prestressing steel. 
 
Clarke et al. (1988) have proposed a simple method to compute creep deflection Δc of 
cracked reinforced concrete flexural members based on the ratio (xi) of initial neutral axis 
depth to the effective depth of the cracked section, as shown in Figure 2.10 which is 
calculated using the modular ratio method for the completely cracked section, flexural 
creep coefficient 'ctφ  prevailing to the extreme compression fibre at time t and the initial 
deflection Δi computed based on the fully cracked section. 
 
ictic x Δ=Δ 'φ                         (2.54) 
 
It has been assumed that the tensile strain at the level of the tension reinforcement is equal 
to that of the completely cracked section and it is unaffected by creep. A method has been 
proposed to compute 'ctφ  and a graph of 'ctφ versus creep coefficient cφ for different values 
of xi has also been produced. The drawbacks of this method are as follows: the factor 
 30
'
ctix φ is applied to the initial deflection based on the fully cracked section stiffness which 
will make the creep deflection and the sum of initial and creep deflection of the sustained 
load somewhat higher as the stiffening effects of uncracked concrete has not been taken 
into account and this method is developed only for singly and doubly reinforced concrete 
beams. 
 
Figure 2.10 Idealized strain distribution through fully cracked section 
 
Ali et al. (1996) presented a method for determining the flexural stiffness and short-term 
and long-term deflection of reinforced concrete cracked beams of rectangular or T-section 
that are subjected to a bending moment, with or without axial compressive forces. In this 
method, the flexural stiffness EI(t) is developed based on the results of computer 
calculations by using an analytical method and is represented in two terms as given below: 
 
( ) ( )[ ] 1−+= tFFtEI crpimd                       (2.55) 
 
where Fimd and Fcrp(t) are flexibility functions that respectively take into account the 
immediate flexural stiffness and the change of flexural stiffness with time due to creep 
effects. A series of equations is given to compute Fimd and Fcrp(t) which takes into account 
the influence of the reinforcement ratio in the section, the shape of the beam section, the 
d 
xid 
xtd 
εct=(1+ 'ctφ ) εci 
εci
εst=( εst)i =( εst)t
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influence of time factor, loading level and creep coefficient. An equation to compute 
immediate and long-term deflection has been obtained by using Mohr integral. 
 
( ) ( )tFFt crpimd 21 Ω+Ω=Δ                       (2.56) 
 
where Δ(t) is the deflection of the beam, Ω1 and Ω2 are functions that are dependent on the 
loading case. Values for different loading cases are given in the paper. This proposed 
method is simple and easy to apply but is limited to reinforced concrete beams and the 
prediction of stresses and strains at sections are not possible. 
 
Gilbert (2007) compared instantaneous deflections calculated using three code models 
from ACI 318 (2005), Eurocode 2 (1994) and BS8110 (1985) with experimentally-
measured deflection of slabs containing varying quantities of steel reinforcement 
(0.0018<(Ast/b.d)<0.08). In the comparison, the ACI 318 approach based on effective 
moment of inertia Ie, underestimates the instantaneous deflection after cracking, 
particularly for lightly reinforced slabs, as the model does not account for the reduction in 
the cracking moment due to drying shrinkage and thermal deformations. The deflections 
computed using Eurocode 2 are in good agreement with the measured deflection over the 
entire post-cracking load range. Gilbert (2007) concluded that Eurocode 2 approach is far 
more reliable than the other two model codes. Ghali (1993) compared effective moment of 
inertia Ie adopted by ACI 318 and mean curvature Km adopted by CEB-FIP using 
experimental deflection values and concluded that the error in the use of the ACI equation 
can be very high, and suggested the codes should not give an equation for the effective 
moment of inertia. Instead, the codes should provide an equation for the mean curvature at 
a section. 
  
Many other researchers (Elbadrg et al., 2003; Alwis, 1999; Stewart, 1996; Ghali, 1993; 
Grossman. 1981) have proposed the simplifying methods to compute long-term deflection 
in concrete flexural members. It can be seen most of the simplified methods are based on 
empirical equations such as effective Ie and deflection multiplier λ and have been 
developed mostly for reinforced concrete members. 
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2.3.4 Rigorous Methods 
 
The stress and strain and the stiffness of concrete members vary along their spans and 
depths due to the non-linear behaviour of concrete, the formation of cracks, the bond 
between concrete and steel and the long-term effects of creep and shrinkage. Rigorous 
analyses are carried out by breaking down the member into smaller elements and using the 
finite element method (FEM) to determine the stress and strain variations of these 
elements. The FEM offers a powerful and general analytical tool for studying the 
structural behaviour of concrete members. Non-linear material properties, cracking, 
tension stiffening and interaction between concrete and steel, which are ignored or treated 
by empirical methods, can be modelled rationally using FEM.  
 
Two methods of finite analysis are the micro-element method and the macro-element 
method (Elenas et al., 2006; Hegemier et al., 1985). In the macro-element method, to 
account for the contribution of tension stiffening between cracks the Modified stiffness 
method, the Mean Curvature method and the Modified stress-strain Curve may be applied. 
The member is divided into elements and each element may contain many cracks, hence 
representing average deformations. In the micro-element method the member is divided 
into block elements and each block is delimited by two conservative flexural cracks. In the 
block model approach, a suitable bond-slip relationship between steel and concrete can be 
introduced and therefore the assumption of perfect bond between steel and concrete no 
longer needs to be applied (Gravina, 2002; Gravina and Warner, 2003; Gravina and Smith, 
2008; Fantilli et al., 1998). 
 
In the model proposed by Gravina (2002), the steel stress at a crack is determined by 
assuming linear variation of strain and then, by applying slip compatibility and bar 
equilibrium conditions, the steel strain distribution between two cracks is evaluated. In the 
concrete compression zone, a linear variation of concrete strain εc(x) is assumed as shown 
in Figure 2.11, and the deflections and local deformations are computed using strains in 
tensile steel εs(x) and tensile concrete εc(x). The formation of secondary cracks between 
primary cracks is checked by using the effective concrete area in tension given in the 
CEB-FIP model Code (1993) and the transferred bond force in between cracks. The block 
models presented by Fantelli et al. (1998) and Gravina (2002) are capable of predicting 
progressive crack formations in reinforced concrete beams with one layer of 
reinforcement. 
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Figure 2.11 Strain in concrete and steel between two cracks  
 
Rebentrost (2003) proposed a discrete crack block analysis based on deformation 
compatibility for partially prestressed concrete beams with multiple layers of steel. In the 
post-cracking range, the variations in steel stresses between cracks are evaluated using a 
local bond stress-slip analysis. It is assumed that local concrete strains vary linearly 
between cracks. Local curvatures are computed from the concrete compressive strains and 
tensile reinforcement strains.  Oehlers et al. (2005) and Liu (2005) presented a model 
which is capable of: allowing the interaction between the blocks along the full length of 
concrete beams; analysing beams with multiple layers of steel; predicting the formation of 
flexural cracks; and allowing for slip of the reinforcing bars. These models have been 
developed to compute instantaneous behaviour under applied loading, ignoring the long-
term effects of creep and shrinkage. 
 
Bažant and Oh (1984), Ghali and Tadros (1985), Pulmano and Shin (1987), Gutiérrez et 
al. (1996), Alwis et al. (1994), Chong (2004), Fragiacomo et al. (2004), Bains (2005), 
Arújo(2005) and Kwak and Kim (2005) have proposed rigorous methods based on the 
smeared crack approach which consider modified stress-strain curves for concrete. Bažant 
and Oh (1984) presented a method to compute the deformation of progressively cracking 
reinforced concrete beams by assuming concrete to have a nonzero tensile carrying 
εs(x) 
εc(x) 
d 
M M-ΔM 
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capacity, characterized by a uniaxial stress-strain diagram which characterizes progressive 
micro-cracking due to strain softening. The proposed theory could be applied to predict 
short-term deformations up to ultimate load and has overcome the limitation of the 
effective Ie method and can be used to predict the long-term creep deformations of cracked 
beams as well as to predict the reduction of creep deformations achieved by the use of 
compression reinforcement. Furthermore they have presented a simplified version of the 
model by replacing the tensile strain-softening behaviour by the use of an equivalent 
tensile area of concrete at the level of tensile steel behaving linearly. Formulas which 
could be used to compute short-term deflection are given. To compute long-term 
deflection due to creep, the elastic modulus of concrete Ec in the short-term deflection 
formulas are replaced by E eff, as given below: 
 
( )( )( )'
'
,1 tt
tEEeff φ+=                                            (2.57) 
 
where E(t´) is the short-term elastic modulus and ( )', ttφ  is the creep coefficient. When a 
comparison with test data was carried out using this model it was found that for tensile 
stresses the creep coefficient must be considered larger than that for compression stresses. 
Hence, in this model as the tensile stresses near and above the flexural tensile strength of 
concrete matter, for the entire tensile range the creep coefficient is assumed as three times 
the compressive creep coefficient.  
 
Alwis et al. (1994) presented an analytical method to compute the long-term deflection of 
statically-determinate reinforced concrete beams under service load. One of the aims of 
this study was to find out whether an accurate implementation of a creep model would 
provide better estimates of beams than conventional simplified implementations. The BP2 
creep model (Bažant and Panula, 1980) was adopted in this study. The tensile stress and 
strain relation was adopted as suggested by Bažant and Oh (1984) and modified by 
assuming the stress path during a reduction in magnitude of tensile strain from the tensile-
softening part of the curve, takes the form as shown in Figure 2.12 (b). 
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Figure 2.12 Concrete stress-strain relationship (Alwis et al., 1994) 
 
Deformation of the beam with time was computed in steps and the computation of the 
curvature at a section was carried out by assuming that total strain varies linearly across 
the depth, linear stress-strain relation to compute steel stress and no relative movement 
(bond slip). A comparison of deflections using the proposed method and deflections 
computed using the EMM, AEMM and ACI methods that do not require time integration 
and the method proposed by Bažant and Oh (1984) were carried out. The conclusions of 
this comparison are, that the time integration of the creep effects appears to make a 
significant improvement on the deflection estimates and the magnitude of creep is the 
same, regardless of whether the stress is compressive or tensile. This contradicts the 
assumption made by Bažant and Oh (1984) that the tensile creep is augmented by a factor 
of three.  
 
Pulmano et al. (1987) proposed a method which can be used to predict the short-term and 
long-term deflections of simply-supported, continuous ordinary reinforced and 
partially/fully prestressed concrete beams by using the finite element method. The 
deficiencies of this method are that the computations of effective bending stiffness (EcIe), 
creep and shrinkage curvatures are based on empirical equations. Rao et al.(1993), Rao et 
al.(1994) presented models to compute time-dependent stress and strain distribution in 
concrete and steel due to the time-dependent effects of creep and shrinkage and the 
Tensile stress σct 
Tensile strain εct 
tf  
t
t f
E
E += 57
0 Et 
in psi 
1
Tensile strain εct 
(a) Relationship of Concrete Stress and 
      Instantaneous Elastic strain    
(b) Stress Reduction from Tensile- 
      Softening Phase 
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relaxation of prestressed steel at a section in cracked prestressed concrete members, 
ignoring the tensile strength of concrete. 
 
 Most of the simplified and rigorous methods have been developed for reinforced concrete 
members and factors such as bond-slip behaviour between concrete and steel and the 
formation of new cracks due to time-dependent effects of shrinkage have not been taken 
into account. Hence there is a great need to develop a model to predict long-term 
deformations in prestressed concrete flexural members which considers the above factors. 
 
2.3.5 Span-to-Depth Ratio of the Member 
 
An alternative method to control deflection in flexural members is to keep the span-depth 
ratio of the member within specified limits. If these limits are observed, then it will follow 
that deflections would be satisfactory. This alternative is usually attractive because of its 
simplicity. Some codes (AS 3600, 2009; BS8110, 1985) have provided span-depth ratio 
limits and according to AS3600 (2009) this method is only applicable to reinforced 
concrete beams of uniform cross-section, fully propped during construction, subject to 
uniformly-distributed load only and where the live load does not exceed the dead load.  
 
According to Rangan (1982), with regard to span-depth ratios for reinforced concrete 
beams and one-way spanning slabs, ACI318-77 gives only limited information. Hence 
Rangan (1982) has developed two kinds of equations for span-depth ratios, one for 
members not supporting non-structural units likely to be damaged by excessive deflection 
and the other for members supporting non-structural units likely to be damaged by 
excessive deflection. Rangan’s expression was developed using Branson’s equation and 
the long-term deflection multiplier which can greatly underestimate slab deflection and he 
proposed an upper limit on the cracked stiffness of beams with low reinforced ratios 
(Gilbert, 1983). Gilbert (1983) extended Rangan’s expression to include two-way edge-
supported slabs, flat slabs and flat plates. 
 
Scholz (1991) proposed a method given by Equation 2.58 to compute the allowable span-
to-depth ratios of partially prestressed concrete members (L/d)pp by using the allowable 
span-to-depth ratios of the reinforced concrete member(L/d)RC which are available in many 
codes. The author presented the following relationship: 
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where M bal is the balanced moment in the partially prestressed member for which only 
axial compression exists throughout the member. Mmax is the maximum applied load in the 
member. The reinforced concrete member is equivalent to the partially prestressed 
member but without prestressing steel. Scholz (1991) concluded that this method is 
extremely simple to apply and could be used as a first level assessment of deflection and 
cracking. 
 
2.4 SUMMARY 
 
Many factors affect the instantaneous and long-term deflections of a flexural beam or slab, 
including the non-linear, inelastic properties of concrete, the bond-slip behaviour of 
concrete, creep and shrinkage, the span and condition of restraints and time-dependent 
prestress losses. Therefore, the accurate prediction of long-term deflection can be complex 
and in order to meet serviceability requirements, long-term deflection has to be kept under 
an acceptable limit.  
 
Long-term deflections of slabs and beams can be predicted using simplified methods 
based on empirically-derived formulae and some of these methods are presented in this 
chapter. In the absence of more accurate calculation methods, the most commonly applied 
simplified method available in codes is to compute short-term deflection using I-effective 
or mean curvature and then to evaluate the long-term deflection by multiplying the short-
term deflection by a multiplier. This method does not take into account factors such as 
crack formation with time, bond-slip between concrete and steel, non-linear variations of 
concrete strain in between cracks, ageing of concrete, load history and prestress losses 
with time.    
 
Alternatively for more accurate prediction of deflection, detailed analytical methods must 
be applied which take into account the above factors. Most of the existing models to 
predict long-term deflection have been developed for reinforced concrete beams.  Hence, 
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the next chapter presents an analytical model to predict long-term deflections and other 
local deformations of a simply-supported flexural member by applying a block element 
model which considers the non-linear behaviour of concrete after cracking, the bond-slip 
behaviour between concrete and steel and crack development with time due to creep and 
shrinkage effects. This model can be applied for reinforced concrete, partially prestressed 
and fully prestressed concrete flexural members. In Chapter 5 the model is extended to 
analyse the time-dependent behaviour of continuous beams and one-way spanning slabs. 
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CHAPTER 3 
 
ANALYTICAL MODEL FOR DEFLECTION OF 
CONCRETE FLEXURAL MEMBERS 
 
 
3.1 INTRODUCTION 
 
An analytical model for predicting the short-term and long-term deformations and forces 
in post-tensioned members in flexure is presented in this Chapter. The model is applied to 
flexural members containing a single layer of tensile reinforcement or a single layer of 
prestressing tendon or a combination of a layer of tensile reinforcement and a layer of 
prestressing tendon. The short-term and long-term analysis is governed by two conditions 
whether the member is uncracked or cracked. The cracked region of a cracked member is 
divided into a number of discrete blocks bounded by flexural cracks. The sectional stresses 
and strains due to applied load from crack to crack are calculated by applying the 
equations governing the sectional equilibrium, material laws for concrete and steel and 
local bond and slip laws between concrete and steel. The uncracked region is analysed by 
applying section equilibrium and strain compatibility. In the long-term analysis, sectional 
stresses and strains at a certain time are calculated considering the long-term effects of 
creep and shrinkage.  
 
The analytical model does not take into account the effects of shear. A computer program 
using Fortran 90 has been developed to simulate the short-term and long-term deformation 
behaviour of reinforced and post-tensioned concrete members in flexure. 
 
3.2 ANALYTICAL MODEL FOR DETERMINATE FLEXURAL MEMBERS 
 
The flexural member is represented by a series of discrete blocks. Over the cracked region 
the discrete blocks are bounded by flexural cracks which are equally spaced with pre-
defined crack spacing. In the analysis, at each crack, it is assumed that strains are linearly 
distributed and the crack extends up to the neutral axis, hence concrete in tension is 
ignored. The stresses and strains in concrete and steel at the crack are calculated by 
applying the section translational and rotational equilibrium conditions and the 
constitutive material laws for concrete and steel. Between cracks, strains and stresses 
along the prestress and tensile reinforcement layers are determined from the bar 
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equilibrium and slip compatibility conditions. Concrete strains and stresses at each section 
are evaluated by applying section equilibrium conditions. 
 
 
    Figure 3.1 Flexural member representations with discreet blocks 
 
In the uncracked regions, the blocks are bounded by sections in which linear variation of 
strain and perfect bond exist and the blocks are equally spaced as shown in Figure 3.1. The 
stresses and strains at sections are calculated by considering linear variation of strain with 
depth and equilibrium conditions.  In the long-term analysis, the strains and stresses at 
each crack and uncracked section along the member are calculated by applying the same 
analytical procedure considering the additional inelastic strains and stresses caused by the 
long-term effects of concrete shrinkage and creep. 
 
The top fibre compressive concrete strain and the tensile steel strain are used to compute 
the curvature at each section, and the deflection is computed by double integrating the 
section curvatures along the span. 
 
3.2.1 Crack Formation 
 
Before cracking perfect bond exists, hence the strains in the tensile reinforcement, 
prestressing steel and the adjacent concrete at the interface are equal. However, further 
Cracked region Un-cracked region Un-cracked region 
Mcr=Cracking Moment 
Bending Moment Distribution
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increase in the applied load, creep and shrinkage leads to cracking of the concrete flexural 
member and in this analytical model it is assumed that when the concrete tensile strain at 
the extreme steel layer (εcst ) is greater than the tensile cracking strain (εctu) corresponding 
to the tensile strength of the concrete (fct ), a crack is formed. Further, it is assumed that 
the first crack appears at the section of maximum moment. At the first crack, the tensile 
force is fully carried by the reinforcing and prestressing steel, leading to a sudden increase 
in tensile steel strains(εst, εsp ), as shown in Figure 3.2.  
 
Slip occurs at the interface between reinforcement, prestressing steel and the adjacent 
concrete, on either side of the crack. As a result, there is a difference in the strains of the 
steel (εst, εsp) and the concrete at the interfaces (εcst, εcp) in adjacent sections as shown in 
Figure 3.3(b). A disturbed region is therefore formed on both sides of the crack and slip 
varies from a maximum value at the crack to a point of zero slip, some distance away from 
the crack (lst, lp) as shown in Figure 3.2.  
 
The difference between the deformation of tensile reinforcing steel (ust) or prestressing 
steel (up)  and the adjacent concrete element (uct or ucp) gives the interface slip between 
steel and concrete(sst or sp). Due to the applied load a strain distribution occurs in the 
concrete adjacent to the reinforcing steel interface (εcst) which varies over the length lst. 
The integral of this strain distribution over lst gives the deformation of the concrete uct and 
the integral of the strain distribution in the reinforcing steel (εst) gives the deformation of 
the reinforcing steel (ust).  Hence, the interface slip between concrete and steel can be 
expressed using Equations 3.1 and 3.2.  
 
For tensile reinforcement: 
∫∫ −=−=
stst l
cst
l
stctstst uus εε               (3.1) 
For prestressing steel: 
∫∫ −=−=
pp l
cp
l
spcppp uus εε              (3.2) 
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Figure 3.2    Distribution of strains, slip and bond stress of tensile reinforcement and 
prestressing steel at the formation of first primary crack  
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The difference between the strains of concrete and steel at the interface is evaluated by 
differentiating Equations 3.1 and 3.2 for tensile reinforcement and prestressing steel 
respectively, and is shown in Figure 3.3(b). 
 
cstst
ctstst
dx
du
dx
du
dx
ds εε −=−=              (3.3) 
 
cpsp
cppp
dx
du
dx
du
dx
ds εε −=−=              (3.4) 
 
The flexural crack height is shown as h and the crack width at reinforcement level as wst. 
The slip between tensile reinforcement and concrete of the right face is considered as (sst)r.  
At a flexural crack, the crack width wst at reinforcement level comprises the slip of the left 
face (sst)l and slip of the right face (sst)r of the crack. That is the crack width wst is the sum 
of (sst)l and (sst)r (Gravina, 2002; Oehlers et al., 2005) .  
 
For tensile reinforcement: 
 ( ) ( )rstlstst ssw +=               (3.5) 
For prestressing steel: 
( ) ( )
rplpp
ssw +=               (3.6) 
 
Figure 3.3    Slip at a crack and strain at a section between two cracks  
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With increasing load, new cracks appear away from the previously formed primary cracks 
when the tensile stress of the extreme concrete fibre exceeds the tensile strength of the 
concrete.  Between primary cracks the maximum tensile strain in the concrete occurs at the 
point of minimum steel strains.  As load and time increase, secondary cracking may also 
appear between primary cracks if the build up of concrete tensile stress exceeds the tensile 
strength of concrete. 
 
3.2.2 Bond-Slip Behaviour between Concrete and Steel 
 
One of the factors influencing the serviceability behaviour of concrete flexural members is 
the bond-slip mechanism between steel and concrete. When the tensile stress at a section 
exceeds the tensile strength of the concrete, a crack is formed. At the cracked section 
tensile stress in the concrete becomes zero and the tensile force is carried by reinforcement 
and prestressing steel. Intact concrete between adjacent cracks carries tensile stresses due 
to transfer of forces from the steel to the concrete through the bond and this is called 
tension stiffening. The bond can be considered as the shearing force between steel and the 
surrounding concrete and this force includes three mechanisms (Lutz and Gergely, 1967): 
 
• Chemical adhesion 
• Friction 
• Mechanical interaction between concrete and steel   
   
Chemical adhesion and friction are the primary sources of bond stress transfer for a plain 
bar, although there is some mechanical interlocking due to the roughness of the bar’s 
surface. For a deformed bar, mechanical interlocking is the primary source of bond 
transfer, while the contributions from chemical adhesion and friction are secondary (Lutz 
and Gergely, 1967). The local bond stress and bond slip relationship for reinforcing bars 
embedded in concrete is characterized by four stages, as shown in Figure 3.4. 
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Figure 3.4 Local bond stress-slip relationship 
 
At the initial stage for low bond stress values, bond resistance depends upon the chemical 
adhesion. For plain bars, chemical adhesion is soon followed by the sliding of bars. The 
second stage begins when the chemical adhesion is entirely broken down and the bond 
stress has exceeded τ1. At higher bond stress values in deformed bars mechanical interlock 
between ribs and the concrete is initiated. The ribs induce large bearing stresses in the 
concrete and transverse microcracks originate at the tip of the ribs, allowing the bar to slip. 
These microcracks, which have been experimentally demonstrated by Goto (1971), are 
also known as internal bond cracks.  
 
At stage three, the bond stress exceeds the tensile strength of concrete and longitudinal 
splitting cracks spread radially around and parallel to the reinforcing bars. This stage ends 
as soon as the splitting crack reaches the surface of the concrete member. For low 
confinement, the concrete member usually fails abruptly with a through-splitting crack and 
this type of failure is referred to as ‘splitting failure’. However, if the concrete is well-
confined to prevent splitting failure, at the final stage, the bond stress increases to the peak 
beyond which bond stress gradually decreases with a large increase in slip. Depending on 
the degree of confinement provided by the transverse reinforcement, the concrete member 
may fail by splitting, pull-out or both simultaneously.   
 
Bond stress τb 
Stage 1 
Stage2 
Stage3 
Stage4 
Pull-out failure 
Splitting failure 
Confinement increases 
Plain bar pull-out failure 
Slip, s 
τ1 
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A bond-slip relation for ribbed reinforcement bars in concrete arising from experimental 
work by Eligehausen et al. (1983) is shown in Figure 3.5. This will be used to model 
bond-slip behaviour between concrete and steel in the analytical model to predict the long-
term deformation of flexural concrete members. 
 
The bond parameters adopted in the CEB-FIP Model Code (1993) for ribbed bars are 
given in Table 3.1. For multi-strand tendons the bond parameters by Li (1998) have been 
used for the Eligehausen et al. (1983) bond model and are provided in Table 3.2. 
 
 
Figure 3.5 Local bond slip relation according to Eligehausen et al. (1983) 
10 ss ≤≤  : 
α
ττ ⎟⎟⎠
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⎜⎜⎝
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s             (3.7) 
21 sss ≤≤  : maxττ =              (3.8) 
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⎛
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−−−=
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Table 3.1 Bond parameters for ribbed reinforcing steel according to CEB-FIP Model 
Code (1993) 
Parameters Unconfined concrete cover=1 bar 
diameter 
Confined concrete cover>5 bar 
diameters 
 Good bond 
conditions 
All other bond 
conditions 
Good bond 
conditions 
All other bond 
conditions 
s1 0.6 mm 0.6 mm 1.0 mm 0.6mm 
s2 0.6 mm 0.6 mm 3.0 mm 0.6mm 
s3 1.0 mm 2.5 mm Clear rib spacing Clear rib spacing 
α 0.4 0.4 0.4 0.4 
τmax 5.0'0.2 cf (MPa) 
5.0'0.1 cf (MPa) 
5.0'5.2 cf (MPa) 
5.0'25.1 cf (MPa) 
τf 0.15 τmax (MPa) 0.15 τmax (MPa) 0.4 τmax (MPa) 0.4 τmax (MPa) 
 
 
Table 3.2 Li’s (1998) bond parameters for multi-strand tendon and ribbed 
reinforcing bars 
 Prestressing steel surface features 
Multi-strand tendon Ribbed prestressing bar 
τmax 
gf8.0  gf0.2  
α 0.35 0.55 
Xcr s1 s2 s3 
refτ
τ max  
maxτ
τ f  s1 s2 s3 
refτ
τ max  
maxτ
τ f  
1-2 s1 s1 0.15 0.4 0.001 s1 s1 0.30 0.4 0.001 
2-3 s1 s1 0.30 0.4 0.002 s1 s1 0.65 0.4 0.002 
3-4 0.2 0.21 0.22 0.4 1.0 s1 s1 1.0 0.4 0.05 
4-5 0.2 0.21 0.22 0.6 1.0 0.5 2.0 6.0 0.6 0.20 
5-6 0.2 0.21 0.22 0.8 1.0 0.5 2.0 6.0 0.8 0.20 
 
 
For those parts of the reinforcing bar which are distance x ≤(5.db) from the next crack, the 
bond stress and the slip s are to be reduced by a factor λ where, 
12.0 ≤⎟⎟⎠
⎞
⎜⎜⎝
⎛=
bd
xλ  
where, db is the bar diameter. 
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3.2.3 Simplifying Assumptions and Governing Equations 
 
Each block in the cracked and uncracked regions of the flexural member is divided into 
equally-spaced sections. Strain profiles for each state of uncracked, cracked and in 
between cracks (not perfect bond) are shown in Figure 3.6. 
 
 
Figure 3.6 Strain Profile for different states  
 
For the equilibrium calculations at each section, a layered approach is applied where the 
concrete section is divided into a finite number of layers as shown in Figure 3.6.  The 
stresses and forces in concrete, reinforcing and prestressing steel are derived from the 
respective strains by applying material laws. 
 
The sectional equilibrium equations are as follows: 
 
Translational (force) equilibrium of cross-section subjected to bending only: 
0=++−+− ∫∫ ppststscscct
A
ctc
A
c AAAdAdA
ctc
σσσσσ         (3.11) 
 
Rotational (Moment) equilibrium of cross-section: 
MdAdAdAdAydAy pppstststscscscctct
A
ctc
A
cc
ctc
=++−+− ∫∫ σσσσσ ...      (3.12) 
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where, 
 σc, σct, σsc, σst, σp = Stresses of compressive concrete, tensile concrete, compressive 
reinforcement, tensile reinforcement and prestressing steel, respectively, 
dAc, dAct, Asc, Ast, Ap = Areas of compressive concrete, tensile concrete, compressive 
reinforcement, tensile reinforcement and prestressing steel, respectively and 
yc, yct dsc, dst, dp = Depth to compressive concrete, tensile concrete, compressive 
reinforcement, tensile reinforcement and prestressing steel from the top concrete fibre, 
respectively. 
 
The material Law adopted in the analysis for concrete in compression is according to 
Warner (1969) and is shown in Figure 3.7.  
 
 
Figure 3.7 Concrete in compression model (Warner, 1969) 
 
The equations defining the stress-strain relationship for compressive concrete are: 
 
E < 0.0           : S = 0.0           (3.13) 
 
0.0 ≤ E < 1.0  : S = γ1E + (3 -2 γ1)E2 + (γ1 - 2)E3        (3.14) 
 
1.0 ≤ E < γ2    : S = 1- (1 - 2E + E2 ) / (1 – 2 γ2 + γ22 )       (3.15) 
 
E > γ2               : S = 0.0           (3.16) 
 
where E = normalised strain equal to εc/εcmax 
Stress (fc) 
Strain (εc)
fcmax 
εcmax γ2εcmax 
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S        = normalised stress equal to fc/fcmax 
γ1          = Ec. εcmax/ fcmax 
Ec        = modulus of elasticity of concrete 
fcmax  = compressive strength of concrete 
εcmax  = strain corresponding to stress fcmax 
The material Law adopted in the analysis for concrete in tension is shown in Figure 3.8.  
 
 
Figure 3.8 Material law adopted for concrete in tension 
 
The equations defining the stress-strain relationship for tensile concrete are: 
 
0.0 ≤ εct ≤ εctu : σct = Ec. εct             (3.17) 
 
εctu < εct :  σct = 0.0            (3.18) 
 
where εct  = concrete tensile strain 
 εctu = concrete tensile cracking strain  
 σct  =concrete tensile stress 
fct    = concrete tensile strength 
 
 
 
 
 
Stress (σct) 
Strain (εct) 
fct 
εctu 
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Material Law for reinforcing steel and prestressing steel in tension and compression is 
shown in Figure 3.9. 
 
  Figure 3.9   Material laws for reinforcing and prestressing steel 
 
 
For reinforcing steel: 
 
εs≤ εsy:  σs = Es εs              (3.19) 
 
εsy < εs< εsu : σs = fsy + ( )sys
sysu
sysu ff εεεε −−
−           (3.20) 
For prestressing steel: 
 
εp≤ εpy:  σp = Ep εp             (3.21) 
 
εpy < εp< εpu : σp = fpy + ( )pyp
pypu
pypu ff εεεε −−
−            (3.22) 
where εs, εp  =  reinforcing steel and prestressing steel strain, respectively 
          σs, σp  =  reinforcing steel and prestressing steel stress, respectively 
         εsy, εpy  =  reinforcing steel and prestressing steel yield strain, respectively 
         εsu, εpu =  reinforcing steel and prestressing steel ultimate strain, respectively 
        fsy, fpy   =  reinforcing steel and prestressing steel yield stress, respectively 
        fsu, fpu   =  reinforcing steel and prestressing steel ultimate stress, respectively 
        Es, Ep  =  modulus of elasticity of reinforcing steel and prestressing steel, respectively 
Strain (εp) 
Stress (σs) 
Strain (εs) 
fsy 
εsy εsu 
fsu 
Stress (σp) 
fpy 
εpy 
fpu 
 εpu 
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The design shrinkage strain and creep coefficient adopted in the analytical model are 
computed using AS 3600 (2009) as given in Chapter 2. 
 
To determine local deformations at each section of a block bounded by two consecutive 
cracks, the block is divided into n sections with an equal distance of dx as shown in Figure 
3.10(a). By assuming linear variation of strain at the flexural crack, strains and stress are 
calculated by applying the section translational and rotational equilibrium conditions. The 
distribution of reinforcing and prestressing steel strains and stresses at intermediate points 
between the flexural cracks can be determined by considering the bond-slip behaviour of 
tensile reinforcement and prestressing steel surrounded by the concrete, as given below.  
 
1. By assuming linear variation of strain, reinforcing and prestressing steel strains 
((εst)crack,,(εsp)crack) and forces ((Fst)crack,,(Fp)crack) at the flexural crack (refer to 
Figure 3.10(c)) are determined by applying equilibrium Equations 3.11 and 3.12. 
 
2. Assume slips (sst)crack and (sp)crack at the concrete and steel interfaces at the flexural 
crack. At the crack, concrete strains at steel levels (εcst)crack and (εcp) crack are equal 
to zero and the difference between the strains of steel and concrete (ds/dx) at the 
crack can be expressed as: 
 
for tensile reinforcement: 
crackst
crack
st
dx
ds
)(ε=⎟⎠
⎞⎜⎝
⎛            (3.23) 
 
for prestressing steel: 
cracksp
crack
p
dx
ds
)(ε=⎟⎟⎠
⎞
⎜⎜⎝
⎛
                                       (3.24) 
 
3. Slips at jth section (sst)j and (sp)j can be expressed as (refer to Figure 3.10(c)) 
 
 ( ) ( )
1
1 .
−
− ⎟⎠
⎞⎜⎝
⎛−=
j
st
jstjst dx
dsdxss           (3.25) 
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 ( ) ( )
ij
p
jpjp dx
ds
dxss
−
− ⎟⎟⎠
⎞
⎜⎜⎝
⎛−= .
1
          (3.26) 
 
Knowing the slips ((sst)j-1 and (sp)j-1) at the previous section and the difference 
between the strains of steel and concrete ((ds/dx) j-1), slips (sst)j, (sst)j and bond 
stresses (τst)j, (τp)j at each steel layer at the jth section can be computed using 
Equations 3.25 and 3.26 and the interface bond material characteristics. The 
longitudinal bond forces (Tst)j, (Tp)j for each bar can be expressed as:   
 
for tensile reinforcement: 
( ) ( ) jstststjst dxnT τπϕ ...=           (3.27) 
 
for prestressing steel: 
( ) ( )
jpppjp
dxnT τπϕ ...=           (3.28) 
 
where φst and φp are the diameter of reinforcing bars and prestressing strands 
respectively and nst and np are the number of  reinforcing bars and prestressing 
strands. 
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Figure 3.10 Slip at a crack and strain at jth section between two cracks  
 
 
Reinforcement 
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dx 
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(εst)crack 
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M 
M-ΔM 
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(a) Discretisation of block element
Section j-1 Section j 
(Fp)j-1 
(Fp)j=(Fp)j-1-(Tp)j 
dx 
j j-1 
 (Tp)j 
(b) Forces acting at prestressing steel layer at (j-1) and jth section  
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4. Due to force equilibrium, forces acting at each steel layer (Fst)j, (Fp)j at section j as 
shown in Figure 3.10 (b) can be expressed as: 
 
 ( ) ( ) ( ) jstjstjst TFF −= −1           (3.29) 
 
( ) ( ) ( )
jpjpjp
TFF −= −1            (3.30) 
 
5. The steel strains ((εst)j and (εsp)j) and stresses ((σst)j and (σp)j) of reinforcing and 
prestressing steel at each section between flexural cracks can be determined by 
using area and stress strain relationships for each steel type. 
 
In the non-linear analysis of flexural members, slips between steel and adjacent concrete 
(sst and sp) are unknown. Therefore, an iterative segmental analysis procedure is required.  
The non-linear analysis can be carried out by applying the shooting technique used by 
Gravina (2002). The analysis is performed starting from a crack by assuming a certain 
value for the unknown, for example in this analysis the slips ((sst)crack and (sp)crack ) at the 
steel and the concrete interfaces at the crack. The forces (Fst and Fp) at reinforcement and 
prestressing steel are computed along the member at each section by applying bar 
equilibrium and slip compatibility conditions, as explained above, to a point where the 
boundary conditions are known, that is the next crack. At this crack, the known boundary 
conditions are the forces of reinforcement and prestressing steel ((Fst)crack and (Fp)crack) 
which are computed by assuming linear variation of strain and by applying equilibrium 
conditions. After reaching the boundary point, the boundary conditions derived using 
shooting technique that is Fst and Fp are compared with the known boundary conditions 
(Fst)crack and (Fp)crack. If the difference between two conditions is not within an acceptable 
tolerance, the analysis is repeated by changing the initial assumptions of values ((sst)crack 
and (sp)crack ). 
 
When concrete cracks, the tensile stress in the concrete at the crack drops to zero and the 
tensile force is carried by the reinforcing and prestressing steel. Between cracks, where 
there is no perfect bond, part of the tensile force carried by the steel at the crack is 
transferred to the tensile concrete between the cracks through bond stresses at the steel-
concrete interface.  This contribution of the tensile concrete is known as tension stiffening, 
and it affects the member’s stiffness after cracking and hence its deflection and the width 
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of the cracks. In this analytical model, tensile strain at sections between cracks due to 
transfer of bond forces is assumed to vary linearly from the neutral axis to the extreme 
concrete bottom fibre, as shown in Figure 3.11. 
 
     Figure 3.11        Strain variations at jth section between two cracks  
 
The effective concrete area in tension ( Act. eff)  at the jth section is assumed as: 
 
( )( )BdDA jneffct .5.0, −=                                                                                (3.31) 
 
The force carried by tensile concrete Tc due to transfer of bond forces can be expressed as: 
 
( )( ) ( )( )
2
.. BdDE
T jncjctc
−= ε            (3.32) 
 
where (dn)j is the neutral axis depth, B is the width of the section and (εct)j is the extreme 
tensile concrete fibre strain. 
 
The transferred bond force at the section is: 
( ) ( ) dxndxnT ppj pj stststc .......
11
ϕπτϕπτ ∑∑ +=           (3.33) 
 
From Equations 3.32 and 3.33, the extreme concrete fibre tensile strain (εct)j at the jth 
section can be expressed as: 
(εco)j 
(εct)j 
(εcs)j=(εsc)i
jth Section  
(dn)j
lc 
Strain at the jth section  
D 
x  
(εst)j
(εsp)j
yt
(εct)j.yt 
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( )
( ) ( )
( )( )BdDE
dxndxn
jnc
j j
pppststst
jct ..
.........2
1 1
−
⎥⎦
⎤⎢⎣
⎡ +
=
∑ ∑ ϕπτϕπτ
ε         (3.34) 
 
Concrete tensile strain ( )
tyjct .
ε at a depth yt from the concrete top fiber is: 
 ( )
( ) ( )
( )( ) ( )( )jntjnc
j j
pppststst
yjct dyBdDE
dxndxn
t
−−
⎥⎦
⎤⎢⎣
⎡ +
=
∑ ∑
.
..
.........2
2
1 1
,
ϕπτϕπτ
ε       (3.35) 
 
Concrete tensile stress is: 
 
( ) ( ) cyjctyjct Ett ... εσ =             (3.36) 
 
where ( )
tyjct .
σ  is the tensile stress in concrete due to transfer of bond force and Ec is the 
elastic modulus of concrete at the age of the first loading. 
 
3.2.4 Short-term Analysis for an Uncracked Flexural Member 
 
Consider a prestressed concrete beam subjected to a uniformly-distributed load applied 
along the beam.  It is assumed that the first flexural crack is formed in the section of 
maximum moment when the concrete tensile strain at the extreme steel layer (εcst or εcp) is 
greater than the tensile cracking strain (εctu) corresponding to the tensile strength of the 
concrete (fct ).  At this stage the corresponding cracking moment Mcr can be computed by 
applying section equilibrium conditions as shown below. 
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1. The depth of the neutral axis dn  (refer to Figure 3.12) is given by: 
 
( ) stcstco
co
n dd εε
ε
−=            (3.37) 
 
where εco is the concrete top fibre strain. The maximum concrete tensile strain at the 
extreme steel layer  εcst  is given by: 
 
c
ct
cst E
f=ε             (3.38) 
 
where fct is the flexural strength of concrete and Ec is the Elastic Modulus of concrete. 
 
2. Concrete strains εc and steel strains εst, εsp, εsc can be expressed as functions of neutral 
axis depth dn. By applying material laws and the translational equilibrium condition, 
neutral axis depth is computed. 
 
      Translational equilibrium of cross-section subjected to bending only: 
      0=++−+− ∫∫ ppststscscct
A
ctc
A
c AAAdAdA
ctc
σσσσσ        (3.39)    
            
     Once the neutral axis is known, the cracking moment Mcr of the member is calculated  
      taking the moment about the top fibre strain. 
Figure 3.12   Stress and strain distribution at a section just before cracking  
B 
 
dsc 
dp 
dst 
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dn 
K 
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    crpppstststscscscctct
A
ctc
A
cc MdAdAdAdAydAy
ctc
=++−+− ∫∫ σσσσσ ...           (3.40) 
 
When the applied moment at all the sections is less than the cracking moment Mcr the 
member is uncracked, as shown in Figure 3.13. In this state strains are linearly distributed 
at each section and perfect bond exists between steel and concrete. The member is divided 
into small blocks of fixed size and these blocks are again divided into subintervals. At 
each section curvature, strains and stresses due to prestress and external loads are 
calculated by applying translational and rotational equilibrium conditions. The deflection 
of the member is computed by the integration of section curvatures of blocks along the 
span. 
 
Figure 3.13 Member representation with uncracked blocks 
 
3.2.5 Short-term Analysis for a Cracked  Flexural Member 
 
When the applied external moment is greater than the cracking moment Mcr, the member 
is cracked, as shown in Figure 3.1. In the uncracked region at each section strains and 
stresses in concrete and steel due to prestress and external moment are calculated by 
assuming linear variation of strain and by applying material laws and equilibrium 
conditions. In the cracked region, the member is divided into a number of discrete blocks 
bounded by primary flexural cracks and the crack length as shown in Figure 3.14, is equal 
to the crack spacing of lc which is initially assumed as equal to the depth of the member.  
 
It is assumed that the strains are linearly distributed at the cracked section and the crack tip 
is located on the neutral axis. Due to the symmetry of the geometric properties of the beam 
and the applied load, the maximum moment Mmax occurs at the centre of the beam, which 
is also the line of symmetry. 
 
Uncracked Block Uncracked Section
Load, w KN/m 
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Figure 3.14 A flexural member with multiple cracks 
 
1. The analysis starts at the first crack where the moment is maximum. The steel 
strains (εst)crack1,(εsp)crack1 and forces(Fst)crack1,,(Fp)crack1 of reinforcing and 
prestressing steel  are calculated by applying sectional equilibrium conditions and 
material laws. 
 
2. Assume slip of the right face of the first crack at the levels of reinforcement and 
prestressing steel as (sst)crack1 and (sp)crack1. 
 
3. By applying Equations 3.23 to 3.30 given in Section 3.2.3, the forces (Fst)j, (Fp)j 
carried by tensile reinforcement and prestressing steel at Section j are computed 
and strains in tensile reinforcement(εst)j and prestressing steel (εp)j can be 
determined by using the appropriate material laws for steel. 
 
4. If the values of top-fibre concrete strain (εco)j and the slope of the concrete 
compressive strain variation Kj are assumed, concrete compressive strain at a 
depth y as shown in Figure 3.15 can be expressed as: 
 
 ( ) ( ) yK jjcojc .−= εε                                                                 (3.41) 
 
(sst)lcrack1 =(sst)rcrack1 = wst / 2 
(a) Crack 1 
Mcrack1= Mmax 
(sp) lcrack1 =(sp) rcrack1 = wp / 2 
Mcrack2
(ds/dxst) =0 
sst=0 
(ds/dxp)=0 
sp=0 
(b) Crack 1 
Mcrack3 
(wst )2=  (sst)l crack2 + (sst)r crack2 
(wst)2 
(wp)2 
(wp )2=  (sp)l crack2 + (sp)r crack2 
(wst)3 (wp)3 
block 1 block 2 
(wst)1 (wp)1 
lc lc
M< Mcr 
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Compressive stresses (σc)j in concrete can be determined using the appropriate 
stress strain material law and concrete tensile stress ( )
tyjct .
σ  at a depth yt is 
computed from Equation 3.36. 
 
Figure 3.15 Section strain between two cracks 
 
5. As both longitudinal force and moment, compressive stresses (σc)j and tensile 
stresses ( )
tyjct .
σ  in concrete and the forces in reinforcing and prestressing steel 
(Fst)j, (Fp)j at Section j are known, the concrete top fibre strain (εco)j is computed 
by applying sectional equilibrium conditions given by Equations 3.11 and 3.12. 
 
6. The above Steps 3 to 5 are repeated at each section along the block until the next 
crack and the computed steel forces at the next crack by following the above steps 
are (Fst)n and (Fp)n.  
 
7. By assuming the linear variation of strain at crack 2 and applying section 
equilibrium conditions and material laws, forces in reinforcing steel (Fst)crack2 and 
prestressing steel (Fp)crack2 are computed. Tensile reinforcing steel force (Fst)n 
derived by applying shooting method is compared with (Fst)crack2.  If the 
differences between forces are not less than the specified tolerance, the slip at 
(dsp/dx)j
Section j 
(dsst/dx)j
(εco)j 
Mmax Mj 
dx
(εsp)crack1 
(εst)crack1 
(εcst)j 
(εst)j 
(εsp)j 
(εcp)j 
Crack 1 Crack 2 
lc 
(εc)j 
y 
Kj 
dx
dst
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reinforcement at crack1 (sst)crack1 is adjusted and Steps 3 to 6 are repeated until the 
boundary condition given by Equations 3.42 is satisfied.   
 
( ) ( ) TolerenceFF crackstnst =− 2          (3.42) 
 
8. Then prestress force (Fp)n derived by applying the shooting method is compared 
with  (Fp)crack2.  If the differences between forces are not less than the specified 
tolerance, the slip at prestressed steel at crack1 (sp)crack1 is adjusted and Steps 3 to 7 
are repeated until the boundary condition given by Equation 3.43 is satisfied. 
 
 ( ) ( ) TolerenceFF
crackpnp
=−
2
                    (3.43) 
 
9. Initially, the primary crack spacing between crack 1 and crack 2 is assumed as 
equal to the depth of the member. A check is carried out to determine the existence 
of other primary cracks in between the initial cracks i.e. crack1 and crack 2.  
 
The concrete tensile strain (εcst) j at the extreme steel layer at a Section j as shown 
in Figure 3.16 can be obtained from Equation 3.35 by substituting yt = dst.  
 
( )
( ) ( )
( )( ) ( )( )jnstjnc
j j
stppststst
jcst ddBdDE
dxndxn
−−
⎥⎦
⎤⎢⎣
⎡ +
=
∑ ∑
.
..
.........2
2
1 1
ϕπτϕπτ
ε     (3.44) 
 
where Ec is the elastic modulus of concrete at the age of the first loading. If 
concrete tensile strain at the extreme steel layer (εcst or εcp) is greater than the 
tensile cracking strain (εctu) a primary crack exists between crack 1 and crack 2 and 
the initially assumed crack spacing is adjusted accordingly. 
 
10. Steps 2 to 9 are carried out between cracks until the last crack of block 1. By 
following the above procedure the initial crack spacing of a flexural member can 
be determined. 
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 Figure 3.16 Strain variations at jth section between two cracks  
 
 
11. Steps 2 to 10 are carried out until the last block of the cracked region. In the 
uncracked region of the beam linear variation of strain is assumed and by applying 
section equilibrium conditions and material laws, section properties such as top 
fibre strain εco and steel strains εst, εsp are computed. The flow charts for the short-
term analysis of a flexural beam and the analysis between two cracks are given in 
Figure 3.17 and Figure 3.18 respectively. 
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12. The block rotation θb at the block can be calculated according to the following 
equation: 
 
( ) ( )
dx
d
cl
st
jstjco
b ∫ −=
0
εεθ           (3.45) 
 
where dx is the distance between j-1 and jth section. The short-term deflection of 
the member is computed by the integration of the block rotation of the cracked and 
uncracked sections along the span. 
 
As load increases, new cracks appear away from the previously formed primary cracks 
and in between them when the tensile stress of the extreme concrete fibre exceeds the 
tensile strength of the concrete. 
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     Figure 3.17 Flow chart for the short-term analysis of a flexural beam  
 
     start 
Input reinforcement, prestressing steel properties and areas, 
concrete properties, beam section details, applied load w 
 Compute cracking moment Mcr and load wcr which causes the first crack. 
Refer section 3.2.3
Compute crack length of the beam l_crack 
 
      Divide the beam into blocks with equal length of lc 
Total number of blocks, Total_blocks = (0.5 L / lc) = n 
  Is    w > wcr 
 Block No = 1  
Compute section details (strains and stresses of 
concrete and steel) at each section of the crack 
block. Refer section 3.2.5. 
Yes
No
  stop 
Compute number of crack blocks n_crackblock 
n_crackblock =  l_crack / (2. lc) 
Is Block No = n_crackblock? 
Compute section details ( strains and stresses of 
concrete and steel) at each section  of the uncrack 
block.  
Is Block No = n ? Block No = Block No+ 1  
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No
No
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 Block No = 1  
Compute section details ( strains 
and stresses of concrete and 
steel) at each section  of the 
uncrack block.  
Block No = Block No+ 1  
Is Block No = n ? 
Block No = Block No+ 1  
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Figure 3.18 Flow chart for the short-term analysis between two cracks 
 
 
 
     start 
Assume prestressing steel slip at the nth crack. (sp)crackn  
Compute Tensile force and Prestress force (Fst) , (Fp) at 
each section in between cracks and at the next crack by 
applying bond-slip laws, material laws and equilibrium 
conditions. Refer 3.2.5 step1 to step 6 
Tensile force at the next crack = (Fst)n 
Prestress force at the next crack = (Fp)n 
Assume tensile reinfocement slip at the nth crack. (sst)crackn 
 
  stop 
Is ( ) ( ) TolerenceFF nstcrackst <−  No 
Yes
Compute Tensile force and Prestress force at the nth crack by applying 
material laws and equilibrium conditions. Refer 3.2.5 step1 
 Compute Tensile force and Prestress force (Fst)crack, (Fp)crack  at the 
next crack by applying material laws and equilibrium conditions.  
Is ( ) ( ) TolerenceFF
npcrackp
<−  
(sst)crackj = (sst)crackn +∆ (sst)crackn  
(sp)crackj = (sp)crackn+∆ (sp)crackn  
No 
Yes
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3.3 LONG-TERM BEHAVIOUR UNDER SUSTAINED LOADS 
 
Loading history is one of the factors affecting the time-dependent behaviour of concrete 
structures. Hence, this analytical model has been developed to consider the time-
dependent behaviour of concrete flexural members subjected to changing loads over time. 
Figure 3.18 depicts the change of moment at a section of a concrete member due to time-
varying applied load.  
 
To determine the long-term responses of the concrete section to a time-varying load 
history, computations are carried out in cycles, and each cycle represents a duration of 
time interval (Warner and Lambert, 1974; Xin and Gilbert, 1993). Time interval i begins at 
time ti after the load w(ti )has been applied, as shown in Figure 3.19. The total strain, 
inelastic strain due to creep and shrinkage, the stress in each concrete layer and the strain 
and stress in each steel layer at ti are known from the previous cycle. The concrete section 
creeps and shrinks freely during time interval i and the increment in concrete strain due to 
creep and shrinkage is calculated using appropriate prediction models. At the end of time 
interval i, just before the application of load w(ti+1 ), concrete strains (total, elastic and 
inelastic) and stresses in each concrete layer, and strains and stresses in each steel layer are 
computed using compatibility and equilibrium conditions. At time instant ti+1 the load 
w(ti+1 ) has been applied. As the concrete inelastic strain due to creep and shrinkage at time 
ti+1 is known from the previous step, concrete strains (total, elastic) and stresses in each 
concrete layer, and the strains and stresses in each steel layer at time instant ti+1 are 
computed using compatibility and equilibrium conditions. The computation cycle is 
completed and the inelastic strain obtained at time ti+1 is used for the next cycle of 
computation. A flow chart for the long-term analysis of a beam for n number of time 
intervals is given in Figure 3.20. 
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Figure 3.19 Moment and load variation at a section with time 
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(b) Load variation at a section with time 
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Figure 3.20 Flow chart for the long-term analysis for n number of time intervals 
 
3.3.1 Long-term Analysis for an Uncracked Flexural Member 
 
As mentioned previously in Section 3.2.1 the first flexural crack is formed in a section 
when the concrete tensile stress at the extreme steel layer exceeds the tensile strength of 
concrete fct.  The corresponding cracking moment Mcr is computed by applying section 
equilibrium conditions, material laws and long-term effects of creep and shrinkage.  When 
the external moment is less than the cracking moment Mcr the member is uncracked and in 
this state strains are linearly distributed at each section and perfect bond exists between 
steel and concrete.  As in Section 3.2.4 the member is divided into blocks of fixed size of 
length lc and these blocks are further divided into subintervals of length dx as shown in 
Figure 3.21. 
     start 
Time interval i = 1 
Compute section details (strains and stresses of concrete and steel) at each 
section along the beam at the end of time interval i. Refer section 3.3.1.1 
for uncracked regions of the beam and for cracked regions of the beam 
refer section 3.3.2.1 
  stop 
Is time interval i = n ? 
No
 Input reinforcement, prestressing steel properties and areas, concrete 
properties, beam section details, number of time intervals n, applied load at 
each time interval w(ti) 
i = i+1 
Yes
Compute section details (strains and stresses of concrete and steel) at each 
section along the beam at time ti+1. Refer section 3.3.1.2 for uncracked 
regions of the beam and for cracked regions of the beam refer section 
3.3.2.2 
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Figure 3.21 Uncracked beam 
 
The computation cycle for the time interval i has two parts. The first part is the 
computation of local section deformations and member deflection at the end of time 
interval i and is given in Section 3.3.1.1. The second part is the computation of local 
deformations due to applied load w(ti+1) at the time instant ti+1 as shown in Figure 3.19 and 
is given in Section 3.3.1.2. 
 
3.3.1.1 Local Section Deformations and Deflection at the End of Time Interval i   
 
As the beam geometric properties and loading conditions are symmetrical, the analysis 
starts from the centre of the beam where the maximum moment occurs. The total concrete 
strain at the end of time interval i comprises of elastic strain, inelastic strain due to creep 
and shrinkage during the time interval i and inelastic strain εcCS(ti) at time ti (refer Figure 
3.19). At Section j, the concrete elastic strain component εce(ti)j and total strain component 
εc(ti)j at depth y at time ti due to moment M(ti)j have been determined in the preceding 
interval by taking into account compatibility and equilibrium conditions. 
 
 
 
 
 
Section 1 
M(ti)1 
dx 
Section 2 
dx 
block 1 block 2 
lc 
M(ti)2 
lc 
line of symmetry 
Section j 
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    Figure 3.22   Strain and stress distribution of Section j at the end of time interval i    
 
1. The concrete  inelastic strain component εcCS(ti)j at depth y at time ti can be 
expressed as: 
 
( ) ( ) ( ) jicejicjicCS ttt εεε −=                 (3.46) 
 
2. During the time period from ti to ti+1, the applied moment M(ti)j is constant. If 
the values of total top-fibre concrete strain εco(i)j and the slope of the total 
concrete strain variation K(i)j are assumed, the concrete elastic strain εce(i)j at a 
depth y is computed from the relation:  
 
( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii jicCSyiishjjcojce tt
tttyiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε       (3.47) 
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(b) Stress 
εsc(i)j 
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where,  φ (ti+1, ti)  = creep coefficient at time ti+1 from time ti  
            εsh(ti+1, ti)y = shrinkage strain at depth y at time ti+1 from  time ti 
                   
3. Assuming perfect bond exists between the steel and concrete, strains in the 
reinforcing and prestressing steel at the end of time interval i can be defined in 
terms of total top fibre strain εco(i)j and the slope of the concrete total strain 
variation K(i)j as  shown in Figure3.22( c). 
 
( ) ( ) ( ) scjjcojsc diKii .−= εε          (3.48) 
 
( ) ( ) ( ) stjjcojst diKii .−= εε             (3.49) 
 
( ) ( ) ( ) ( ) pcptpjjcojp idiKii εεεε ++−= .            (3.50) 
                                  
where,  εpt(i)  = strain in prestressing steel at the end of time interval i 
εpc  =  initial strain in concrete at prestressing steel level due to initial 
prestress force. 
 
4. The stresses in each concrete layer σc(i)j corresponding to εce(i)j and  the 
stresses in steel σsc(i)j, σst(i)j and σp(i)j  for the strain values computed above 
(εsc(i)j, εst(i)j, εp(i)j)  are determined by means of appropriate material  stress-
strain equations.  
 
5. The values of concrete top fibre strain εco(i)j   and slope of the concrete total 
strain variation K(i)j at the end of time interval i  are determined through an 
iterative method using  equilibrium conditions for the normal force and the 
bending moment M(ti)j. 
 
( ) ( ) ( ) ( ) ( ) 0=++−+− ∫∫ pjpstjstscjscct
A
jctc
A
jc AiAiAidAidAi
ctc
σσσσσ   (3.51.a) 
 
( ) ( ) ( ) ( ) ( ) ( ) jippjpststjstscscjscct
A
jctc
A
jc tMdAidAidAiydAiydAi
ctc
=++−+− ∫∫ ..... σσσσσ
                                                                                                                                                                    (3.51.b)  
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6. The concrete elastic strain for top and bottom fibres εceo(i)j, εceb(i)j and the slope 
of the concrete elastic strain variation Kelastic(i)j  at the end of time interval i can 
be computed by Equations 3.52 to 3.54. 
Elastic top fibre strain εceo (i)j is computed by substituting y=0 for Equation 
3.47. 
( ) ( )( ) ( )( ) ( )[ ]( )( )ii jicCSiishjcojceo tt
ttti
i
,1
,
1
1
+
+
+
−−= φ
εεεε                                        (3.52)   
    
Elastic bottom fibre strain εceb (i)j  is computed by substituting D=0 for 
equation 3.47: 
( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii jicCSDiishjjcojceb tt
tttDiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε                (3.53)              
                                                                                                             
( ) ( ) ( )( )
D
ii
iK jcebjceojelastic
εε −=                                                                      (3.54) 
 
7. The concrete total strain εc(i)j at depth y at the end of time interval i can be 
expressed as: 
 
( ) ( ) ( ) yiKii jjcojc .−= εε                                              (3.55) 
 
The concrete inelastic strain εcCS(i)j at depth y at the end of time interval i 
which is needed in Section 3.3.1.2 is the difference between the total strain and 
the elastic strain and can be expressed as: 
 
( ) ( ) ( ) ( )( )yiKiii jelasticjceojcjcCS .−−= εεε                                                    (3.56) 
 
8. Steps 1 to 7 are applied for each section at all the blocks. The long-term 
deflections of the member at the end of time interval i are computed by the 
integration of block rotations θb(i) along the span. 
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3.3.1.2 Local Section Deformations and Deflection at the Time Instant ti+1 due to 
Applied load w(ti+1) 
 
Figure 3.23 depicts the strain and stress distribution of section j at time instant ti+1. The 
analytical steps to determine concrete and steel deformations are as follows. 
 
 
  Figure 3.23 Strain and stress distribution of Section j at the time instant 
(ti+1)    
 
1. At Section j due to applied moment M(ti+1)j at time instant ti+1, the concrete 
total  strain at depth y change from εc(i)j   to εc(ti+1)j   and can be defined in 
terms of total top fibre strain εco(ti+1)j and the slope of the concrete total strain 
variation K(ti+1)j as shown in Figure 3.23(c ). 
 
( ) ( ) ( ) ytKtt jijicojic .111 +++ −= εε          (3.57) 
 
2. The concrete inelastic strain at depth y at the time instant ti+1, is assumed to be 
equal to the concrete inelastic strain at the end of time interval i which is given 
by Equation 3.56, i.e.  εcCS(ti+1)j = εcCS(i)j. 
The concrete elastic strain εce(ti+1)j in a layer at depth y  at time ti+1  can be 
expressed as: 
 
( ) ( ) ( ) jcCSjicjice itt εεε −= ++ 11          (3.58) 
 
D
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dst 
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3. Strains in reinforcing and prestressing steel at time ti+1 are given by the 
following equations. Refer to Figure 3.23(c). 
 
( ) ( ) ( ) scjijicojisc dtKtt .111 +++ −= εε        (3.59) 
 
( ) ( ) ( ) stjijicojist dtKtt .111 +++ −= εε        (3.60) 
 
( ) ( ) ( ) pcptpjijicojip dtKtt εεεε ++−= +++ .111       (3.61) 
 
                             where,   εpt   =strain in prestressing steel  
               εpc  = initial strain at prestressing steel level due  to prestress force. 
 
4. Top fibre strain εco(ti+1)j and the slope of the concrete total strain variation 
K(ti+1)j are determined by an iterative method using equilibrium conditions for 
the normal force and the bending moment M(ti+1)j. 
 
( ) ( ) ( ) ( ) ( ) 011111 =++−+− +++++ ∫∫ pjipstjistscjiscct
A
jictc
A
jic AtAtAtdAtdAt
ctc
σσσσσ
 
              (3.62) 
 
( ) ( ) ( ) ( ) ( )
( ) ji
ppjipststjistscscjiscct
A
jictc
A
jic
tM
dAtdAtdAtydAtydAt
ctc
1
11111 .....
+
+++++
=
++−+− ∫∫ σσσσσ
                                                                                                                                                             (3.63) 
 
where, σc (ti+1)j  = concrete compressive stress at depth y at time ti  
corresponding to εce(ti+1)j   
σsc(ti+1)j, σst(ti+1)j, σp(ti+1)j = stresses in compressive, tensile and prestressing 
steel at time ti+1 for the strain values (εsc(ti+1)j, εst(ti+1)j, εp(ti+1)j ) computed 
above. 
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5. The concrete elastic strain for top and bottom fibres εceo(ti+1)j, εceb(ti+1)j  and the 
slope of the concrete elastic strain variation Kelastic(ti+1)j  at time ti+1 can be 
expressed as: 
 
Elastic top fibre strain εceo (ti+1)j:  
( ) ( )( ) ( )[ ]jcoCSjicojiceo itt εεε −= ++ 11                                                      (3.64) 
 
Elastic bottom fibre strain εceb (ti+1)j:    
( ) ( ) ( )( ) ( )[ ]jcbCSjijicojiceb iDtKtt εεε −−= +++ .111                                 (3.65) 
 
Kelastic(ti+1)j=(εceo(ti+1)j-εceb(ti+1)j)/D                                                            (3.66) 
 
The concrete elastic strain εce(ti+1)j in a layer at depth y  at time ti+1  can be 
expressed as: 
εce(ti+1)j =  εceo(ti+1)j  - Kelastic (ti+1)j  . y                           (3.67) 
 
Steps 1 to 5 are applied for each section at all blocks. The long-term deflections of the 
member at time instant ti+1 are computed by the integration of block rotations along the 
span. The computation for time interval i is completed and the total top fibre strain 
εco(ti+1) j, the slope of the concrete total strain variation K(ti+1)j and elastic strain εce(t+1)j 
thus obtained provide the inelastic strains required for the next time interval (i+1).  
 
3.3.2 Long-term Analysis for a Cracked Flexural Member 
 
When the applied moment exceeds the cracking moment Mcr flexural crack appears along 
the beam. As in short-term analysis (See section 3.2.5), the member is divided into a 
number of discrete blocks bounded by flexural cracks and the crack length as shown in 
Figure 3.24, is equal to the crack spacing  lc which is initially assumed as equal to the  
of the member. 
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Figure 3.24 Member representation with cracked and uncracked blocks 
 
As the beam and loading conditions are symmetrical, the analysis starts from the centre of 
the beam that is at the section with the maximum moment Mmax as shown in Figure 3.24. 
As in Section 3.3.1, the computation cycle for the time interval i comprises of two parts. In 
part 1 which is given in Section 3.3.2.1, local sectional deformation properties such as 
stresses and strains in concrete σc, εc and steel σst, σp, εst, εp, concrete inelastic strain εcCS 
due to creep and shrinkage and deflection at the end of time interval i are derived. In Part 2 
which is given in Section 3.3.2.2, local deformation at sections and deflection of the 
member due to applied load w(ti+1) at the time instant ti+1 are derived. 
 
3.3.2.1 Local Section Deformations between Cracks at the End of Time Interval i   
 
The concrete total strain and concrete elastic strain at cracks and at sections between 
cracks at time ti due to load w(ti) , have been determined in the preceding interval by 
taking into account bond-slip characteristics, compatibility and equilibrium conditions. 
 
Uncracked Block Uncracked Section
Cracked Block 
l_crack 
lc
Mmax
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Figure 3.25 Cracked and  uncracked sections of a cracked block 
 
For clarity the long term analysis between crack n and crack n+1 is presented under two 
sections. Section 3.3.2.1.1 considers the section analysis at the crack and Section 3.3.2.1.2 
considers the section analysis between two cracks at the end of time interval i. 
 
3.3.2.1.1 Section Analysis at Crack n at the End of Time Interval i  
 
The concrete total strain at the end of time interval i comprises of elastic strain, inelastic 
strain due to creep and shrinkage during the time interval i and inelastic strain εcCS(ti) at 
time ti. At crack n the concrete elastic strain component εce(ti)crackn and total strain 
component εc(ti) crackn  at depth y at time ti due to moment M(ti)crackn have been determined 
in the preceding interval by taking into account compatibility and equilibrium conditions. 
 
Crack n Crack n+1 
M(ti) crack n+1 M(ti) crack  n 
dx 
Section 2 
dx
Section 1 Section j 
M(ti)j 
0 1 j n
 79
Figure 3.26 Strain and stress distribution at crack n at the end of time interval i    
 
 
1. The concrete  inelastic strain component εcCS(ti)crackn at depth y at time ti can be 
expressed as: 
 
εcCS(ti)crackn  = εc (ti)crackn -  εce(ti)crackn              (3.68) 
 
2. During the time period from ti to ti+1, the applied moment M(ti)crackn is constant. 
If the values of total top-fibre concrete strain εco(i)crackn and the slope of the 
concrete total strain variation K(i)crackn are assumed, the concrete elastic strain 
εce(i)crackn at a depth y as shown in Figure 3.26 is computed from the relation:  
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( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii cracknicCSyiishcrackncrackncocracknce tt
tttyiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε    (3.69) 
        
where,  φ  (ti+1, ti)  = creep coefficient at time ti+1 for stress applied at time ti  
            εsh(ti+1, ti)y = shrinkage strain at depth y at time ti+1 from  time ti      
              
3. Assuming linear variation of strain, reinforcing and prestressing steel strains at 
the end of time interval i can be defined in terms of total top-fibre strain  
εco(i)crackn and the slope of the concrete total strain variation K(i)crackn as shown 
in Figure 3.26(c). 
 
( ) ( ) ( ) sccrackncrackncocracknsc diKii .−= εε        (3.70) 
 
     ( ) ( ) ( ) stcrackncrackncocracknst diKii .−= εε        (3.71) 
 
       ( ) ( ) ( )( ) ptpccrackncrackncocracknp dpiKii εεεε ++−= .      (3.72)  
 
4. The stresses in each concrete layer σc(i)crackn corresponding to εce(i)crackn and the 
steel stresses σsc(i)crackn , σst(i)crackn,  σp(i)crackn for the strain values εsc(i)crackn , 
εst(i)crackn,  εp(i)crackn computed above in Equations 3.70 to 3.72 are determined 
by means of appropriate material stress and strain laws. 
 
5. The values of top fibre strain εco(i)crackn   and the slope of the concrete total 
strain variation K(i)crackn at the end of time interval i  are determined by an 
iterative method using equilibrium conditions for the normal force and the 
bending moment M(ti)crack1n. Once εco(i)crackn   and  K(i)crackn are known εst(i)crackn 
and εp(i)crackn can be computed from Equations 3.71 and 3.72. 
 
Using appropriate reinforcement and prestressing stress-strain laws tensile 
forces at reinforcement and prestressing steel at the end of time interval i at 
crack n are computed by:  
 
( ) ( ) stcracknstcracknst AiiF .σ=            (3.73) 
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( ) ( ) pcracknpcracknp AiiF .σ=           (3.74) 
 
6. By applying Steps 1 to 5, tensile reinforcement and prestressed forces 
Fst(i)crackn+1, Fp(i)crackn+1 at crack n+1 are computed.   
 
7. The concrete elastic strain for top and bottom fibres εceo(i)crackn, εceb(i)crackn  and 
the slope of the concrete elastic strain Kelastic(i)crackn  at the end of time interval i 
can be computed by Equations 3.75 to 3.77. 
 
Elastic top fibre strain εceo (i)crackn:  
( ) ( )( ) ( )( ) ( )[ ] ( )( )iicracknicCSiishcrackncocracknceo tttttii ,1/, 11 ++ +−−= φεεεε          (3.75) 
 
Elastic bottom fibre strain εceb (i)crackn1:  
( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii cracknicCSDiishcrackncrackncocracknceb tt
tttDiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε            (3.76)    
                                                                                                                 
( ) ( ) ( )( )
D
ii
iK crackncebcracknceocracknelastic
εε −=                                                    (3.77) 
 
8. The concrete total strain εc(i)crackn at depth y at the end of time interval i can be 
expressed as:  
 
εc(i)crackn  =  εco(i)crackn - K(i)crackn  . y                                                            (3.78) 
 
The concrete inelastic strain εcCS(i)crackn at depth y at the end of time interval i 
which is used in Section 3.3.2.2 is the difference between the total strain and 
the elastic strain and can be expressed as: 
                              
( ) ( ) ( ) ( )( )yiKiii cacknelasticcracknceocracknccrackncCS .−−= εεε                                   (3.79) 
 
 
 
 82
3.3.2.1.2 Section Analysis at a Section in Between Two Cracks at the End of Time 
Interval i  
 
Total concrete compressive strain at the end of time interval i comprises of elastic strain, 
inelastic strain due to creep and shrinkage during the time interval i and inelastic strain 
εccs(ti) at time ti. At Section j the concrete elastic strain component εce(ti)j and total strain 
component εc(ti)j at depth y at time ti due to moment M(ti)j have been determined in the 
preceding interval by taking into account compatibility and equilibrium conditions. 
 
1. The concrete  inelastic strain component εcCS(ti)j at depth y at time ti can be 
expressed as: 
 
 εcCS(ti)j  = εc (ti)j -  εce(ti)j                                      (3.80) 
 
2. During the time period from ti to ti+1, the applied moment M(ti)j is constant. If 
the values of total top-fibre concrete strain εco(i)j and the slope of the concrete 
total strain K(i)j are assumed, the concrete compressive elastic strain εce(i)j at a 
depth y as shown in Figure 3.27 is computed from the relation:  
 
( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii jicCSyiishjjcojce tt
tttyiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε                (3.81) 
 
where,  φ  (ti+1, ti)  = creep coefficient at time ti+1 for the stress applied at time ti  
            εsh(ti+1, ti)y = shrinkage strain at depth y at time ti+1 from  time ti 
 
 The stresses in each concrete layer σc(i)j corresponding to compressive strain    
εce(i)j are determined by means of appropriate concrete stress and strain laws. 
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      Figure 3.27   Strain and stress distribution at Section j at the end of time interval i    
 
3. Assume slips at crack n at concrete and steel interfaces are sst(i)crackn and 
sp(i)crackn. By applying Equations 3.23 to 3.30 given in Section 3.2.3, the forces 
Fst(i)j and Fp(i)j carried by tensile reinforcement and prestressing steel at 
Section j are computed and strains in tensile reinforcement εst(i)j and 
prestressing steel  εp(i) j can be determined by using appropriate material laws 
for steel. Concrete tensile stress ( )
tyjct
i .σ  is computed from Equations 3.35 
and 3.36. 
 
4. As compressive and tensile stresses (σc(i)j, ( ) tyjct i .σ ) in concrete, and the 
forces in reinforcement and prestressing steel (Fst(i)j, Fp(i)j) at Section j are 
known, the values of top fibre strain εco(i)j  and the slope of the concrete total 
strain K(i)j at the end of time interval i can be determined by an iterative 
method using  equilibrium conditions for the normal force and the bending 
moment M(ti)j. 
                
5. The concrete compressive elastic strain for top and bottom fibres εceo(i)j, εceb(i)j  
and elastic curvature Kelastic(i)j  at the end of time interval i can be computed 
by Equations 3.82 to 3.84. 
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Elastic top fibre strain εceo (i)j:  
( ) ( )( ) ( )( ) ( )[ ] ( )( )iijicoCSiishjcojceo tttttii ,1/, 11 ++ +−−= φεεεε                 (3.82) 
 
Elastic bottom fibre strain εceb (i)j:  
( ) ( ) ( )( ) ( )( ) ( )[ ]( )( )ii jicbCSDiishjjcojceb tt
tttDiKi
i
,1
,.
1
1
+
+
+
−−−= φ
εεεε              (3.83) 
                                                                                                     
( ) ( ) ( )( )
D
ii
iK jcebjceojelastic
εε −=                                                           (3.84) 
 
6. The concrete compressive total strain εc(i)j at depth y at the end of time 
interval i can be expressed as: 
 
εc(i)j  =  εco(i)j  - K(i)j  . y                               (3.85) 
 
The concrete compressive inelastic strain εcCSs(i)j at depth y at the end of time 
interval i can be expressed as: 
 
εcCS(i)j=εc(i)j-(εceo(i)j - Kelastic(i)j.y)                                                       (3.86) 
 
7. Apply Steps 1 to 6 for each section along the beam until crack n+1.  
 
8. At crack n+1 tensile reinforcement force Fst(i)n calculated by following Steps 
1 to 7 is compared with force Fst(i)crackn+1 .  If the difference between forces is 
not less than the specified tolerance the slip at reinforcement at crack n 
sst(i)crackn is adjusted and Steps 1 to 8 are repeated until the boundary condition 
given by Equation 3.87 is satisfied.   
 
( ) ( ) TolerenceiFiF cracknstnst =− +1          (3.87) 
 
9. Then prestress force Fp(i)n is compared with  Fp(i)crackn+1.  If the differences 
between forces are not less than the specified tolerance the slip at prestressed 
steel at crack1 sp(i)crackn is adjusted and Steps 1 to 9 are repeated until the 
boundary condition given by Equations 3.88 is satisfied.   
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( ) ( ) TolerenceiFiF cracknpnp =− +1                        (3.88) 
 
10. Within time interval i, secondary cracks may appear between existing cracks, 
if the build up of concrete tensile stress exceeds the tensile strength of the 
concrete. Therefore, a check is carried out as presented in step 9 of section 
3.2.5, to determine whether a new secondary crack has formed.  
 
Section 3.3.2.1.1 (for cracked sections) and Section 3.3.2.1.2 (for sections between cracks) 
are carried out for each block until the last crack. In the uncracked region of the beam 
linear variation of strain is assumed and by applying section equilibrium conditions and 
material laws as given in Section 3.3.1, section properties such as steel stresses and strains 
are computed. The long-term deflections of the member are computed by integration of 
block rotations of the cracked and uncracked regions along the beam. The flow charts for 
the long-term analysis of a flexural beam and for the analysis in between two cracks are 
given in Figures 3.28 and 3.29 respectively. 
 
3.3.2.2 Local Section Deformations between Cracks at time instant ti+1    
 
Local deformations and deflections at time instant ti+1 due to applied moment M(ti+1) are 
computed by following the same procedure presented in Section 3.3.2.1. The inelastic 
concrete strain at the time instant ti+1 (εcCS(ti+1 )) is assumed to be equal to the inelastic 
strain at the end of time interval i (εcCS(i )) which is given by Equation 3.79 for the cracked 
section and Equation 3.86 for the section between cracks. The computation for the time 
interval i is completed and total top fibre strain εco(ti+1), the slope of the concrete top fibre 
strain variation K(ti+1) and  elastic strain εce(ti+1) obtained at the time instant ti+1  provide 
the inelastic strains required for the next time interval (i+1). 
 
A program for this analytical model was developed using Fortran 90. This program was 
developed to consider simply-supported beams with different types of loading such as 
uniformly distributed load, a point load at the centre and two point loads at equal centres. 
It can also be applied for reinforced, partially prestressed and fully prestressed flexural 
beams.  
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Figure 3.28 Flow chart for the long-term analysis of a flexural beam at the 
end of time interval i  
     start 
Input reinforcement, prestressing steel properties and areas, 
concrete properties, beam section details, applied load w(ti), 
shrinkage and creep values, concrete elastic strain εce(ti)j and total 
strain εc(ti)j at depth y at time instant ti 
 Compute cracking moment Mcr(i) and load wcr(i) which causes the first 
crack.
Compute crack length of the beam l_crack 
 
     Divide the beam into blocks with equal length of lc 
Total number of blocks, Total_blocks = (0.5 L / lc) =  n 
  Is    w(ti) > wcr(i) 
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block. Refer section 3.3.2 Part 1 
Yes
No 
  stop 
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n_crackblock =  l_crack / (2. lc) 
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concrete and steel) at each section  of the 
uncracked blocks.  Refer section 3.3.1 Part 1 
Is Block No = n  ? Block No = Block No+ 1  
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No
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 Block No = 1  
Compute section 
details(curvature, strains and 
stresses of concrete and steel) at 
each section  of the uncracked 
blocks. Refer section 3.3.1 Part 1 
Block No = Block No+ 1  
Is Block No = n ? 
Block No = Block No+ 1  
No
Yes 
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Figure 3.29 Flow chart for the analysis between two cracks at the end of 
time interval i 
     start 
Assume prestressing steel slip at the nth crack of the nth block. sp(i)crackn 
Compute Tensile force and Prestress force Fst(i) , Fp(i) at 
each section in between cracks and at the next crack by 
applying bond-slip laws, material laws and equilibrium 
conditions. Refer 3.3.2 Part 1(b) step 1 to 7 
Tensile force at the next  crack = (Fst(i))n 
Prestress force at the next crack = (Fp(i))n 
Assume tensile reinfocement slip at the nth crack of the nth block. sst(i)crackn 
 
  stop 
Is ( ) ( ) TolerenceiFiF nstcrackst <−  No 
Yes
 Compute Tensile force and Prestress force at the nth crack by applying 
material laws and equilibrium conditions. Refer 3.3.2 Part 1(a) 
 Compute Tensile force and Prestress force Fst(i)crack, Fp(i)crack  at the 
next crack by applying material laws and equilibrium conditions.  
Is ( ) ( ) TolerenceiFiF npcrackp <−  
(sst)crackn = (sst)crackn+∆ (sst)crackn  
(sp)crackn= (sp)crackn+∆ (sp)crackn 
No 
Yes
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3.4 COMPUTATION OF PRESTRESS LOSS 
 
To predict the time-dependent deformations and deflections of a prestressed concrete 
member the prestress losses due to creep and shrinkage of the concrete and relaxation of 
the prestressing steel have to be taken into account. In the analytical model the loss of 
prestress is considered in time-steps as shown in Figure 3.30. 
 
Figure 3.30 Loss of prestress variation with time 
 
The loss of prestress due to creep and shrinkage ((ΔP(ti)j)CS) at jth section at time ti of an 
uncracked beam can be expressed as: 
 
( )( ) ( ) jicpCSpCSji tEtP ε.=Δ           (3.90) 
 
where εcpCS(ti)j is the inelastic strain at tendon prestressing steel level at time ti due to creep 
and shrinkage as shown in Figure 3.21, and is known from the previous cycle. 
 
Prestress loss due to tendon relaxation at jth section at time ti ((ΔP(ti)j)R) is computed as 
given in Clause 3.4.3.4 in AS 3600 (2009) and the time-dependent prestress loss (ΔP(ti)j) 
at time ti can be expressed as: 
 
( )( ) ( )( ) ( )( )
RjiCSjiji
tPtPtP Δ+Δ=Δ          (3.91) 
Time 
Interval 
Prestress loss 
t1 t2 ti+1t3 ti ti-1
ΔP(t1) 
ti+2
1 2 i-1 i i+1
t (time) 
ΔP(ti) 
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During time interval i the prestress loss at jth section is assumed to be equal to the prestress 
loss at time ti as shown in Figure 3.30. 
 
For a cracked flexural beam the loss of prestress at sections between cracks is assumed to 
be equal to the prestress loss at the crack. The prestress loss at the crack is computed by 
applying the Equations 3.90 and 3.91 with the relevant inelastic strains (εcpCS(ti)crackn) due 
to creep and shrinkage (refer to Figure 3.25) and tendon relaxation. 
 
3.5 NUMERICAL EXAMPLE 
 
A simply-supported post-tensioned beam with a span length of 10m is chosen to 
demonstrate the use of the analytical method. The beam details are given in Figure 3.31. 
The section is 300 mm in width and 750mm in depth and is reinforced with ten 
prestressing strands of 12.7mm diameter at an effective depth of 625mm at the centre and 
zero eccentricity at the ends. Further 2 N24 reinforcements at an effective depth of 700 
mm in the tensile region and 2 N16 of compressive reinforcement at a depth of 40mm are 
provided. The reinforcing steel has a tensile strength (fsy) of 500 MPa and ultimate strength 
(fsu) of 650 MPa and uniform elongation at ultimate strength of 5%. The prestressing steel 
has a tensile strength (fpy) of 1750 MPa and an ultimate strength (fpu) of 1840 MPa as well 
as uniform elongation at ultimate strength of 5%. The beam is prestressed with a 1575 kN 
prestressing force. The concrete compressive strength is 32 MPa and the flexural tensile 
strength of concrete is computed as given in AS3600 (2009). For the long-term concrete 
effects the basic shrinkage strain is assumed as 900 microstrain, creep factor as 3.4 
according to AS 3600(2009) and relative humidity is taken as 50%.   
  
Material Properties: fsy = 500 MPa ; fsu = 650 MPa; εsu = 0.05; Es = 200,000 MPa ; 
fpy  = 1,750 MPa; fpu  = 1,840 MPa; εpu = 0.05; Ep = 195,000 MPa; 
 fc = 32 MPa; Ec= 29,000 MPa; ⎟⎟⎠
⎞
⎜⎜⎝
⎛=
BD
Ap
pρ =0.44      ⎟⎠
⎞⎜⎝
⎛=
BD
Ast
stρ =0.4 
 
A uniformly-distributed load (w) of 29 KN/m is applied at 14 days and then the load is 
increased to 67 kN/m at 100 days which would cause cracking in the beam. 
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Figure 3.31 Beam and loading details 
 
As the beam and loading arrangement are symmetrical, only half the length of the beam is 
analysed. Due to the applied uniformly-distributed load of 67 kN/m the beam is cracked 
and the cracked and un-cracked regions are analysed for short-term and long-term 
deflections in accordance with the method explained in Sections 3.2.4, 3.2.5 and 3.3.  
 
Figure 3.32 depicts deflection variation along the length of the beam at time 100 days for 
two different applied loads and 1000 days. Cracks are not present when the applied load is 
29 kN/m at 100 days but when the load is increased to 67 kN/m cracks are formed.   
D=750 mm 
10/12.7 mm 
strands 
tendon 
profile  
2N16  
2N24  
B=300 
14 100 Time (Days) 
Load (kN/m) 
29 
(b) Beam Section A-A (c) Load History 
1000 
67 
10000 mm 
w(kN/m) 
(a) Beam Elevation 
375mm
250mm
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Figure 3.32 Deflection variations along the beam  
 
Strains and slips of bottom tensile reinforcement and prestressing steel are illustrated in 
Figures 3.33 and 3.34. At cracks the tensile force is fully carried by tensile reinforcement 
and prestressing steel. As a result the tensile reinforcement strain and prestressing steel 
strain at cracks are higher than the strains between cracks (refer to Figure 3.33 (a) and 
3.34(a)). 
 
 In the uncracked region, tensile reinforcement strain has become negative as the 
analytical model assumes a linear variation of strain distribution in the uncracked region 
and the applied prestress force causes a negative strain distribution throughout the 
concrete section as the applied moment is decreasing along the beam. That is the applied 
prestress force at extremities of beam provides a fully compressive section. Due to the 
long-term effects of concrete shrinkage and creep, it can be seen that deflection and tensile 
reinforcement strain have increased considerably with time. Furthermore it can be seen 
from Figure 3.33(a) and 3.34(a) secondary cracks are formed in between primary cracks 
over time. In Figure 3.34(a) prestressing steel strain has decreased with time due to 
prestress losses caused by the effects of shrinkage, creep and tendon relaxation.  
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Figure 3.33 Tensile steel strain and slip variation along the beam  
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(b) Prestress slip Versus Distance
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 Figure 3.34 Prestressing steel strain and slip variation along the beam 
 
The maximum crack width at tensile reinforcement level is calculated from the slip 
distribution at tensile reinforcement. At mid-span the slip value at reinforcement level at 
1000 days on the left side of the crack is -0.052 mm and on the right is +0.052mm. The 
crack width at reinforcement level is calculated as the summation of the absolute slip 
values on the left and right side of the crack and crack width at each crack is shown in 
Figure 3.35. 
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Figure 3.35 Crack width variations along the beam 
 
Figure 3.36 and Figure 3.37 represent the variation of deflection, strain of steel and crack 
width at the mid-span with time for the simply-supported beam with uniformly distributed 
load of 67 kN/m applied at 14 days. The increments in deflection and strains in steel 
decrease with time as the rate of increase of shrinkage and creep decrease with time. In 
Figure 3.37(b) prestressing steel strain has decreased with time due to prestress losses 
caused by the effects of shrinkage, creep and tendon relaxation. 
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                          Figure 3.36 Mid-span deflection versus time 
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(a) Reinforcement strain versus Time
-0.003
-0.0025
-0.002
-0.0015
-0.001
-0.0005
0
0.0005
0.001
0.0015
0 500 1000 1500 2000 2500 3000 3500
Time (days)
R
ei
nf
or
ce
m
en
t s
tra
in
Tensile
Compressive
 
(b) Prestressed steel strain versus Time
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(c) Crack width versus Time
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                          Figure 3.37 Strains and crack width versus time 
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Figure 3.38 and Figure 3.39 show the variation of deflection and strain of reinforcement 
and prestressing steel at the mid-span with applied moment at 14 days and 1000 days, for 
the simply-supported beam given in Figure 3.31. The first crack appears at the mid-span 
section when the moment is 58 percent of the theoretical moment capacity of the beam 
(Warner et al., 1998). Deflections and steel strains are plotted in Figure 3.38 and Figure 
3.39 for different applied moments of 0, 20, 40, 60, 70, 100 percent of the moment 
capacity of the beam. The moment ratio is taken as 
Moment Ratio = Applied Moment at mid-span / Theoretical moment capacity 
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(b) Tensile steel strain versus moment ratio
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                        Figure 3.38 Deflection and tensile steel strain versus moment ratio 
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(a) Compressive steel strain Vs moment ratio
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(b) Prestressed steel strain versus moment ratio
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               Figure 3.39   Compressive and prestressing steel strain versus moment ratio 
 
 
It can be seen when the flexural beam is subjected to moment greater than the cracking 
moment Mcr of the beam, the increments in deflection and reinforcement strains due to an 
increase in the moment are greater than the increments which occur due to a moment 
below the cracking moment. 
 
 98
3.6 SUMMARY 
     
 
This chapter has presented the development of an analytical model which is capable of 
predicting short-term and long-term deflections, local deformations, strains and stresses in 
concrete, reinforcement and prestressing steel along a reinforced concrete, partially 
prestressed or fully prestressed post-tensioned beam or a one-way spanning slab. The 
loading history and the long-term effects of concrete creep and shrinkage are considered in 
this analytical model.  
 
In the model, a cracked region of a flexural member is analysed by adopting the discrete 
crack block approach and the local steel strains between cracks are evaluated using local 
bond-slip models. Concrete strains and stresses between cracks are computed by 
considering the section equilibrium conditions and the constitutive relationships for 
concrete and steel. In the uncracked region of the member, rotations and the stresses and 
the strains of concrete and steel at each section are calculated by considering the linear 
variation of strain with depth and the equilibrium conditions. Beam deflections along the 
member are computed from the summation of block rotations. In real-life service loads 
result in moments less than the ultimate moment which causes the maximum compressive 
strain of 0.003 in concrete top fibre. Considering this, analytical model focussed on 
moments corresponding to service loads which are less than the ultimate design loads. 
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CHAPTER 4 
 
 
VERIFICATION OF THE ANALYTICAL MODEL WITH 
EXISTING EXPERIMENTAL DATA 
 
4.1 INTRODUCTION 
 
An analytical model to predict long-term deflection in reinforced and prestressed concrete 
beams and one-way spanning slabs was presented in Chapter 3. To demonstrate the 
adequacy of the long-term deflection analytical model predicted results are compared to 
data from past beam and slab tests. For this purpose, published experimental studies by 
Gilbert and Nejadi (2004), Wu and Gilbert (2009), Washa and Fluck (1952) and Bennett 
and Dave (1969) were used, as these tests represent concrete beams and one-way spanning 
slabs. Few published experimental studies for prestressed concrete members are available 
(Bennett and Dave, 1969; Brooks and Gamble, 1988; Bandyopadhyay and Sengupta, 
1988; and Nawy and Chiang, 1980). However most of these experimental results could not 
be used to validate the model as these tests considered un-bonded prestressed steel or non-
rectangular cross-sections which are beyond the scope of the analytical model developed 
in the present study. In the analytical predictions, available material data from the test 
results were used and in the absence of test data the material models of AS 3600 (2009) 
were used. The short-term crack spacing from the test results was used as the predefined 
short-term crack spacing (lc) of the analytical model. In the absence of test data the initial 
short-term crack spacing (lc) was assumed to be equal to the depth of the member. 
 
Due to their symmetry, only half of each beam or slab is analysed. The analytical model 
developed in Chapter 3 considers the concrete material properties of compressive strength 
(f’c), elastic modulus of concrete (Ec) and tensile strength of concrete ( fct) at the age of 
first loading for the computation of long-term deformation. The parameters of the bond 
model adopted were as per recommendation of CEB-FIP Model Code (1993) for good 
bond conditions of reinforced concrete members. Short-term deflection is measured at the 
time of loading of the specimen and the long-term deflection due to a sustained load is 
measured after a certain period of time. Downward deflection is taken as negative. 
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4.2 TESTS BY WU AND GILBERT (2009) 
 
4.2.1 Description of the Test Program 
 
The aim of this test program by Wu and Gilbert (2009) was to investigate the effects of 
creep and shrinkage on the tension stiffening effects in reinforced concrete slabs. Four 
identical slabs of 2650 mm long, 800 mm wide and 140 mm overall thickness, were cast.  
All slabs were simply supported over a span of 2400 mm. The slabs were reinforced with a 
single layer of 4N12 reinforcing bars at 200 mm spacing at an effective depth of 114 mm. 
The measured yield stress and elastic modulus of the reinforcing bars were 540 MPa and 
200000 MPa respectively.  
 
All the slabs were cured in a water tank for 14 days.  Slab 1 was tested immediately after 
removing from the water tank at 15 days under short-term load. Slab 2 was allowed to dry 
and shrink for a period of 45 days and loaded at 59 days under short-term loading. The 
remaining two slabs (slabs 3 and 4) were subjected to constant sustained service load for a 
period of 70 days. Slabs 3 and 4 were loaded at 15 days with concrete blocks placed above 
the slab and were subjected to loads of 20 kN and 15 kN respectively at the third span 
points. 
 
At the age of 15 days (first loading for slabs 1, 3 and 4) the average compressive strength, 
tensile strength and elastic modulus of concrete were given as 28.6 MPa, 1.8 MPa and 
25000 MPa. At the age of 59 days (first loading for slab2) the average compressive 
strength, tensile strength and elastic modulus of concrete were given as 32.6 MPa, 2.0 
MPa and 29000 MPa. For slab 2 at 59 days the drying shrinkage was 320 x10-6. At the end 
of long-term tests (slabs 3 and 4) the drying shrinkage was 400x10-6 and creep coefficient 
was 1.47. The details of the slabs are shown in Figure 4.1. 
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Figure 4.1 Details of experimental slabs (Wu and Gilbert, 2009) 
 
4.2.2 Comparison of Deflections 
 
The ability of the analytical model to predict short-term and long-term deflections of 
simply-supported, reinforced concrete flexural beams is reported in this section. For this 
purpose the measured and the predicted short-term and long-term mid-span deflections are 
compared, as shown in Table 4.1 and a good correlation exits between the predicted and 
the experimental deflections. 
 
 
 
 
 
 
 
 
 
 
 
A  
L= 2400 mm 
800 mm 
140 mm 114 mm 
(a) Slab Elevation  
(b) Slab Section at A-A  
A  
L/3 L/3 L/3 
P/2  P/2  
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Table 4.1 Summary of measured and predicted mid-span deflections, tests by Wu 
and Gilbert (2009) 
Reference Specimen 
Applied 
Moment 
at mid-
span 
(kNm) 
Mid-span Deflection (mm) 
Predicted 
/Measured 
Measured Values 
 
Predicted Values 
 
Short-
term 
Long-
term 
Short-
term 
Long-
term 
Short-
term 
Long-
term 
Wu and 
Gilbert 
(2009) 
 
Slab 1 
10.8 -4.9 - -6.00 - 1.22 - 
13.0 -7.2 - -8.32 - 1.12 - 
14.5 -8.34 - -9.50 - 1.14 - 
16.0 -9.92 - -10.61 - 1.07 - 
Slab 2 
10.8 -6.45 - -7.90 - 1.22 - 
13.0 -8.55 - -10.02 - 1.17 - 
14.5 -10.18 - -11.05 - 1.08 - 
16.0 -11.57 - -12.16 - 1.05 - 
Slab 3 17.9 -10.9 -17.9 -12.0 -17.3 1.10 0.97 
Slab 4 13.9 -7.9 -14.6 -9.05 -13.7 1.14 0.94 
 
4.3 TESTS BY GILBERT AND NEJADI (2004) 
 
4.3.1 Description of the Test Program  
 
The test program by Gilbert and Nejadi (2004) was to investigate the long-term behaviour 
of flexural cracking in reinforced concrete beams and slabs. In the long-term tests time-
dependent effects of creep and shrinkage under constant sustained loads on crack width, 
crack spacing and deflections, in addition to the effects caused by different applied loads 
were investigated. For the long-term tests twelve singly-reinforced specimens, simply-
supported over a span of 3.5 m, were subjected to constant sustained service loads for a 
period of 400 days. Two identical specimens “a” and “b” were constructed for each 
combination of parameters and specimen “a” was subjected to a maximum moment at 
mid-span of approximately 50 percent of calculated ultimate moment, while specimen “b” 
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was subjected to 30 percent of calculated ultimate moment. All specimens were loaded at 
14 days and beam specimens were subjected to two equal concentrated loads at the third-
span points while the slab specimens were subjected to a uniformly distributed loading. 
The mechanical properties of concrete, measured at different times in the long-term test 
series are given in Table 4.2 and the measured creep coefficient and shrinkage strains 
associated with the loading period for long-term tests are given in Table 4.3. The 
geometric and reinforcement details of beams and slabs and loading details are given in 
Table 4.4 and Figure 4.2. 
 
In the experimental program, steel strains at one of the main reinforcement bars were 
measured using 13 electronic strain gauges. Concrete surface strains at tensile steel level 
were measured and recorded at 10 points as shown in Figure 4.2 (a) and (b). 
 
Table 4.2 Properties of concrete 
Mechanical Property (in MPa) 
Age (Days) 
14 28 
Compressive strength (f’c)  18.3 24.8 
Flexural tensile strength (fct) 3.7 5.6 
Indirect tensile strength 2.0 2.8 
Modulus of elasticity (Ec) 22820 24950 
 
Table 4.3 Creep coefficient and shrinkage strain 
Age (days) 14 16 21 27 53 96 136 200 242 332 394 
Creep 
coefficient, 
Φ 
0 0.14 0.36 0.48 0.92 1.15 1.29 1.40 1.50 1.64 1.71 
Shrinkage 
strain, εsh 
(x10-6) 
0 -14 -109 -179 -403 -591 -731 -772 -784 -816 -825 
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Figure 4.2 Details of experimental beams and slabs (Gilbert and Nejadi, 2004) 
L= 3500 mm 
L/3 L/3 L/3 
L= 3500 mm 
B=250 mm  
333 mm 
or 348 
300  mm 
400 mm 
161 mm 130 mm 
(a) Beam Elevation  
(b) Slab Elevation  
(c) Beam Section at A-A  (d) Slab Section at B-B  
w
P/2  P/2  
A  
A  
B  
B  
(e) Load History 
Load  
W or P 
1  2  3  4  5  6 7  8  9  10  
Concrete strains 
measuring points 
14 400 
 105
Table 4.4 Material, loading and section properties of experimental reinforced concrete beams and slabs  
Reference 
Beam or 
slab 
Ast 
(mm2) 
nst φst (mm) 
Asc 
(mm2) 
B 
(mm) 
D 
(mm) 
dst 
(mm) 
dsc 
(mm) 
ρst 
Load (KN) 
L/ dst 
W P 
Gilbert and 
Nejadi (2004) 
B1-a 400 2 16 - 250 348 300 - 0.005 7.0 37 12 
B1-b 400 2 16 - 250 348 300 - 0.005 7.0 23.5 12 
B2-a 400 2 16 - 250 333 300 - 0.005 7.0 37 12 
B2-b 400 2 16 - 250 333 300 - 0.005 7.0 23.5 12 
B3-a 600 3 16 - 250 333 300 - 0.008 7.0 54 12 
B3-b 600 3 16 - 250 333 300 - 0.008 7.0 30 12 
S1-a 226 2 12 - 400 161 130 - 0.004 16.0 - 27 
S1-b 226 2 12 - 400 161 130 - 0.004 12.0 - 27 
S2-a 339 3 12 - 400 161 130 - 0.007 22.6 - 27 
S2-b 339 3 12 - 400 161 130 - 0.007 15.6 - 27 
S3-a 452 4 12 - 400 161 130 - 0.009 26.0 - 27 
S3-b 452 4 12 - 400 161 130 - 0.009 19 - 27 
 
Where  f’c=compressive strength, Ec= modulus of Elasticity of concrete, Ast, Asc= area of tensile and compressive  reinforcement respectively, nst= number of tensile 
reinforcement bars, φst= diameter of tensile bars, B,D= width and depth of the section, dst, dsc= depth to the tensile and compressive reinforcement from the top fibre of the 
section, ρst  =Ast/(B.dst), W=total load due to uniformly distributed load, P= point load, L=length of the beam 
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4.3.2 Analysis of Short-term and Long-term Behaviour 
 
To illustrate results of the analytical model for short-term and long-term behaviour, 
detailed numerical results of Specimen S2-a are presented in this section. Figure 4.3 
illustrate the slab elevation and the moment distribution from the centre of the slab to the 
support end.  
 
 
Figure 4.3   Slab S2-a elevation and moment distribution (Gilbert and Nejadi, 2004) 
 
Figures 4.4 and 4.5 illustrate the predicted deflection and concrete top fibre compressive 
strain variation from the centre to the right-hand support of slab S2-a for 14 and 400 days 
respectively. 
Centre of the slab  w  
(b)Moment distribution along the slab 
M  
Mmax  
(a) Slab elevation
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Figure 4.4 Predicted deflection variation along slab S2-a at 14 and 400 
days  
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      Figure 4.5   Predicted concrete top fibre compressive strain variation along 
slab S2-a  
 
Figure 4.6 and Figure 4.7 show the predicted bottom steel strain and slip variation from 
the centre to the right hand support of the slab for 14 and 400 days. The increment in 
bottom steel strain and slip with time due to creep and shrinkage is not significant in this 
test slab. According to Clarke et al. (1988), Fluck and Washa (1958) and Samra (1997), 
the force in the tension reinforcement in reinforced concrete sections changes only slightly 
due to long-term effects of creep and shrinkage. 
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        Figure 4.6 Predicted bottom steel strain variation along slab S2-a 
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Figure 4.7 Predicted bottom steel slip variation along slab S2-a 
 
Figure 4.8(b) indicates that in the cracked region, the concrete strain at the bottom steel 
level changes to compressive from tensile as the distance from the centre of the beam 
increases. This is also observed in the experimental results. Concrete strain at 
reinforcement level between cracks is given by Equation 3.44 in Chapter 3 which is given 
below.  
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where Ec is the elastic modulus of concrete at the age of the first loading, (dn)j is the depth 
to the neutral axis from the top fiber strain, (τst), (τp) are the bond stresses in tensile 
reinforcing bars and prestressing steel, dst is the depth to tensile reinforcing bars, φst and φp 
are the diameter of reinforcing bars and prestressing strand, nst and np are the number of  
reinforcing bars and prestressing strands and B is the width of the section. 
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(b) Concrete strain at bottom steel level  Versus Distance
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Figure 4.8 Neutral axis depth and concrete strain at bottom steel level variation  
 along slab S2-a 
 
As the distance from the centre of the beam increases, the moment reduces, which in turn 
will increase the neutral axis depth dn. The neutral axis depth is further increased with time 
due to shrinkage (refer to Figure 4.8(a)). According to Equation 4.1 when the neutral axis 
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depth exceeds the depth of the tensile reinforcement dst, the concrete strain adjacent to 
tensile reinforcement becomes compressive. From Figure 4.8(a) it can be seen that for slab 
S2-a at 400 days, neutral axis depth exceeds the depth of the tensile reinforcement dst 
which is 130 mm as the distance from the centre of the beam increases. Therefore the 
concrete strain at the bottom steel layer has become negative (compressive strain) as 
illustrated in Figure 4.8(b).  
 
A similar behaviour of change of concrete strain at steel level from tensile to compressive 
as the distance from the centre of the beam increases is demonstrated by the measured 
concrete surface strain data in the cracked region, as shown in Table 4.5. The measured 
final crack pattern and the measured points are shown in Figure 4.9.  
 
Table 4.5 Variation of measured concrete surface strain at steel level  
Measured 
points 
6 7 8 9 10 
Distance from 
Left hand 
support (mm) 
1875 2125 2375 2625 2875 
Measured 
concrete strains 
x 10-6 
447 510 473 762 -18.9 
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Figure 4.9 Measured points and final measured and predicted crack positions for 
slab S2-a 
 
4.3.3 Comparison of Deflections of Beams and One-way Spanning Slabs 
 
In this section the measured and predicted time-dependent mid-span deflections are 
compared at different time intervals and plotted in Figures 4.10 to 4.14. A reasonable 
correlation is shown between the predicted and experimental data. 
 
6  7  8  9  10  
6  7  8  9  10  
250 mm  
140 mm  
(a) Measured crack positions 
(b) Predicted crack positions 
1250 mm  
Centre line of the slab 
1400 mm  
1750 mm  
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Figure 4.10 Comparison of predicted and measured time-dependent mid-span 
deflection for beams B1-a and B1-b 
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 Figure 4.11 Comparison of predicted and measured time-dependent mid-span 
deflection for beams B3-a and B3-b 
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Figure 4.12 Comparison of predicted and measured time-dependent mid-
span   deflection for slabs S1-a and S1-b 
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Figure 4.13 Comparison of predicted and measured time-dependent mid-
span deflection for slabs S2-a and S2-b  
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Figure 4.14 Comparison of predicted and measured time-dependent mid-span 
deflection for slabs S3-a and S3-b 
 
Table 4.6 compares predicted mid-span deflections with measured deflections at 14 (short-
term) and 400 days (long-term), and in Figure 4.15 measured data are plotted against the 
corresponding predicted deflections at different time intervals. A good correlation is 
shown between predicted results and the measured data for long-term deflection and most 
of the predicted mid-span deflection values lie within ±20 percent of the measured 
deflection as shown in Figure 4.15. Hence, it can be concluded that the model developed 
in Chapter 3 is capable of predicting long-term deflection of concrete members with 
reasonable accuracy.  
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Table 4.6 Summary of measured and predicted mid-span deflections  
Reference Specimen 
Mid-span Deflection (mm) 
Predicted /Measured Measured Values 
 
Predicted Values 
 
Short-
term 
Long-term 
Short-
term 
Long-term 
Short-
term 
Long-term 
Gilbert and 
Nejadi 
(2004) 
 
B1-a -4.9 -12.1 -5.0 -13.5 1.00 1.11 
B1-b -2.0 -7.4 -3.0 -8.6 1.50 1.16 
B2-a -5.0 -12.4 -5.2 -12.5 1.04 1.00 
B2-b -2.1 -7.9 -3.1 -8.8 1.47 1.1 
B3-a -5.8 -13.3 -6.1 -14.1 1.05 1.06 
B3-b -2.0 -7.9 -3.0 -9.1 1.50 1.15 
S1-a -7.1 -25.1 -8.8 -27.0 1.23 1.07 
S1-b -2.7 -19.9 -4.8 -21.6 1.77 1.08 
S2-a -11.8 -32.5 -10.1 -30.3 0.85 0.93 
S2-b -4.4 -21.9 -5.5 -23.2 1.25 1.05 
S3-a -10.6 -29.8 -9.6 -30.5 0.90 1.02 
S3-b -5.0 -22.9 -6.6 -24.2 1.32 1.05 
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Figure 4.15 Comparison of measured and predicted time-dependent mid-span                      
deflections 
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4.3.4 Comparison of Crack Width  
 
The ability of the analytical model to predict short-term and long-term crack widths of 
flexural beams and one-way spanning slabs is investigated in this section. In this test 
program (Gilbert and Nejadi, 2004), the crack width measurements were taken on the side 
face at the bottom surface of the member and all the cracks in the middle third of the 
specimens were measured. In the analytical model, the crack width is computed at the 
bottom reinforcement level. Therefore, to carryout the comparison it is assumed that the 
two concrete faces of the crack are planes as shown in Figure 4.16.  
 
 
Figure 4.16   Crack width at concrete bottom surface 
 
The crack width at bottom surface of the concrete can be expressed as: 
 
         
               (4.2) 
 
The measured and predicted maximum crack widths are given in Table 4.7.  
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Table 4.7 Summary of test and predicted maximum crack widths 
Maximum Crack Width (mm) 
Beam or Slab 
Number 
Measured maximum crack width Predicted maximum crack width 
t=14 (days) t=400 (days) t=14 (days) t=400 (days) 
B1-a* .13 .38 .27 .33 
B1-b* .05 .18 .17 .21 
B3-a* .08 .28 .26 .33 
B3-b* .05 .13 .11 .14 
S1-a* .13 .20 .21 .25 
S1-b* .08 .15 .19 .24 
S2-a* .13 .23 .21 .27 
S2-b* .08 .18 .14 .19 
S3-a* .10 .25 .19 .25 
S3-b* .08 .20 .13 .17 
 
Table 4.7 shows that the predicted instantaneous maximum crack width is much higher 
than the measured maximum crack width, but at 400 days in most cases the predicted 
maximum crack width is within the range of ±30 of the measured maximum crack width. 
In the analytical model, the crack width is a function of slip at reinforcement level. From 
Figure 4.7 it can be seen that for reinforced concrete members, the instantaneous and long-
term slips at reinforcement level computed using the analytical model are almost equal as 
the strain in tensile reinforcement does not significantly change with time. Therefore, the 
difference in the predicted instantaneous crack width and long-term crack width is low. 
However, the crack width increases with time and the analytical model predicts the long-
term crack width within a reasonable range. 
4.4 TESTS BY WASHA AND FLUCK (1952) 
 
4.4.1 Description of the Test Program  
 
The test program by Washa and Fluck (1952) investigated the effectiveness of 
compressive reinforcement in controlling plastic flow (due to creep and shrinkage) of the 
beam. The beams were uniformly loaded by their own weight and by additional concrete 
blocks two weeks after casting.  Of the 34 beams, 24 beams are analysed for comparison 
and these are shown in Figure 4.17. Details of geometric properties, material properties 
and loadings are given in Table 4.8. The ambient temperature during the test varied 
between 21 0C and 29 0C and the relative humidity varied from 20 percent to 80 percent. 
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      Figure 4.17 Details of experimental beams (Washa and Fluck, 1952) 
 
 
D=305 mm 
B=203 mm 
305 mm 
127 mm 
(a) Beam A1, A4  
(g) Beam D1, D4, C1 and C4 
(b) Beam A2, A5  (c) Beam A3, A6  
B=203 mm B=203 mm 
B=152 mm 
(d) Beam B1, B4  
D=203 mm 
B=152 mm 
(e) Beam B2, B5  
B=152 mm 
(f) Beam B3, B6  
305 mm 
(h) Beam D2, D5, C2 and C5 
305 mm 
(i) Beam D3, D6, C3 and C6 
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Table 4.8 Material, loading and section properties of experimental reinforced concrete beams (Washa and Fluck, 1952) 
Reference Beam 
f’c 
(MPa) 
Ec 
(GPa) 
Ast 
(mm2) 
nst 
φst 
(mm) 
Asc 
(mm2) 
B 
(mm) 
D 
(mm) 
dst 
(mm) 
dsc 
(mm) 
ρst 
Load (kN) 
L/ D 
W P 
Washa and 
Fluck 
(1952) 
A1,A4 24 20 851 3 19 851 203 305 267 38 0.015 5.6 - 20 
A2,A5 24 20 851 3 19 402 203 305 267 38 0.015 5.6 - 20 
A3,A6 24 20 851 3 19 - 203 305 267 - 0.015 5.6 - 20 
B1,B4 19 22 402 2 16 402 152 203 165 38 0.016 1.56 - 30 
B2,B5 19 22 402 2 16 200 152 203 165 38 0.016 1.56 - 30 
B3,B6 19 22 402 2 16 0 152 203 165 - 0.016 1.56 - 30 
C1,C4 19 22 516 4 12 516 305 127 102 25 0.016 1.21 - 50 
C2,C5 19 22 516 4 12 258 305 127 102 25 0.016 1.21 - 50 
C3,C6 19 22 516 4 12 0 305 127 102 - 0.016 1.21 - 50 
D1,D4 18 24 516 4 12 516 305 127 102 25 0.016 3.34 - 30 
D2,D5 18 24 516 4 12 258 305 127 102 25 0.016 3.34 - 30 
D3,D6 18 24 516 4 12 0 305 127 102 - 0.016 3.34 - 30 
 
Where  f’c=compressive strength, Ec= modulus of Elasticity of concrete, Ast, Asc= area of tensile and compressive  reinforcement respectively, nst= number of tensile 
reinforcement bars, φst= diameter of tensile bars, B,D= width and depth of the section, dst, dsc= depth to the tensile and compressive reinforcement from the top fibre of the 
section, ρst  =Ast/(B.dst), W=total load due to uniformly distributed load, P= point load, L=length of the beam 
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4.4.2 Comparison of Deflections 
 
In this section the measured and predicted time-dependent mid-span deflections are 
compared and presented in Table 4.9. Further in Figure 4.18 measured deflections are 
plotted against the corresponding predicted deflections at different time intervals. A good 
agreement is shown between the predicted and experimental deflections and most of the 
predicted values fall within ±20 percent of the measured deflection as shown in Figure 
4.18. 
 
Table 4.9 Summary of measured and predicted mid-span deflections 
Reference Specimen 
Mid-span Deflection (mm) 
Predicted /Measured Measured Values 
 
Predicted Values 
 
Instanta
-neous 
Long-
term (900 
days) 
Instantan
-eous 
Long-
term(900 
days) 
Instantan
-eous 
Long-
term(900 
days) 
Washa and 
Fluck(1952) 
A1, A4 -13.5 -23.6 -12.8 -30.0 0.95 1.27 
A2, A5 -15.7 -32.2 -14.0 -39.0 0.89 1.21 
A3, A6 -17.0 -44.7 -15.5 -48.9 0.91 1.09 
B1, B4 -23.2 -51.0 -20.7 -34.2 0.89 0.69 
B2, B5 -24.9 -65.0 -20.4 -46.0 .089 0.71 
B3, B6 -26.4 -86.3 -23.5 -80.7 0.89 0.94 
C1, C4 -40.13 -80.01 -39.32 -69.0 0.98 0.86 
C2, C5 -43.43 -100.6 -41.43 -99.52 0.98 0.99 
C3, C6 -47.72 -141.0 -44.63 -162.0 0.94 1.14 
D1, D4 -11.9 -27.7 -13.43 -23.8 1.13 0.86 
D2, D5 -14.2 -33.7 -14.1 -34.29 0.99 1.02 
D3, D6 -17.7 -48.5 -16.1 -55.50 0.91 1.14 
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Figure 4.18 Comparison of measured and predicted time-dependent mid-span                      
deflections 
 
4.5   TESTS BY BENNETT AND DAVE (1969) 
 
4.5.1 Description of the Test Program  
 
Bennett and Dave (1969) tested 40 beams in which the total amounts of steel and the 
amount of pre-stress were varied. The aim of the test program was to analyse the stress in 
the tensioned and un-tensioned steel and to consider the factors affecting the flexural 
strength, crack width and deflection. In the main series the beams were reinforced with 5 
mm diameter hard-drawn wire which was crimped. Some of the beams were pre-
tensioned, while those in a second smaller series were pre-stressed by post-tensioning the 
pre-stressed reinforcement. In a third series of four beams the tensile reinforcement 
consisted of 8 mm Dyform strands, some of which were pre-tensioned. 
 
 All the beams were of overall length 4572mm and rectangular in cross-section, 127mm 
wide by 203mm deep. The main series of beams consisted of three groups reinforced with 
two top wires and ten, six and two bottom wires respectively. Different proportions of the 
bottom wires in each group of beams were tensioned to give conditions ranging from 
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ordinary reinforced to fully prestressed concrete. The loading configuration, details of 
steel and dimensions of the beams which were tested under sustained loading are given in 
Table 4.10 and Figure 4.19. In all tests the beams were simply supported spanning 4267 
mm and symmetrically loaded at the two quarter span locations. The tests were based on a 
typical design moment which was taken as one-half of the ultimate moment, calculated 
according to BSCP115 using the nominal values of 42 N/mm2 for the cube strength of the 
concrete and the minimum guaranteed strength of 1550 N/mm2 for the steel. The actual 
strength obtained in tests for 5 mm diameter hard-drawn crimped wire was 1650 N/mm2 
and an initial prestress of 1050 N/mm2 was employed. The modulus of elasticity for the 
wire was given as 196000 N/mm2.  
 
fsy = fpy = 1050 N/mm2 
 
fsu = fpu = 1050 N/mm2 
 
Es = Ep = 196000 N/mm2 
 
A new program using the analytical model presented in Chapter 3 and Fortran 90 is 
developed to analyse the pre-tensioned beams. 
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Figure 4.19 Details of experimental beams 
L= 4267 mm 
1067 2133 1067 
127 mm  
203 mm  
25  mm 
(a) Pre-tensioned Beams  
(c) Beam Section at A-A  
P/2  P /2 
A  
A  
152 
5 mm stirrups  
25  mm 
L= 4267 mm 
1067 2133 1067 
(b) Post-tensioned Beams  
P/2  P /2 
B  
B  
152 
5 mm stirrups  
127 mm  
25  mm 
38 mm duct tube 
(d) Beam Section at B-B  
Tensioned wires 
Untensioned wires Tensioned wires 
Untensioned wires 
203 mm  
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Table 4.10 Material, loading and section properties of experimental prestressed concrete beams ( Bennett and Dave, 1969) 
 
Beam 
Number 
Type of 
Beam 
fct 
(MPa) 
fc’ 
(MPa) 
No of bottom wires 
Ap 
(mm2) 
 
Ast 
(mm2) 
 
Asc 
(mm2) 
dp 
(mm) 
dst 
(mm) 
ρp ρst 
Total Load 
(kN) 
Tensioned Untensioned W P 
4S 
Pre-
tensioned 
4.8 42 4 6 76 114 38 165 152 0.29 0.44 2.64 29.2 
5S Pre-
tensioned 
5.3 
 60 
2 8 38 152 38 178 152 0.14 0.59 2.64 30.5 
7S Pre-
tensioned 4.1 42 
4 2 76 38 38 171 152 0.29 0.14 2.64 21.0 
8S Pre-
tensioned 4.8 71 
2 4 38 76 38 178 159 0.14 0.29 2.64 21.7 
9S Pre-
tensioned 4.6 42 
2 - 38 - 38 178 - 0.14 - 2.64 7.8 
P3S Post-
tensioned 5.1 42 
6 4 114 76 38 152 165 0.44 0.29 2.64 29.0 
 
where  fc’=compressive strength of concrete, fct=tensile strength in flexure, Ap, Ast, Asc= area of tensioned, untensioned bottom and top wires respectively, dp, dst= depth to 
tensioned and untensioned bottom wires from the top fibre of the section, ρst  =Ast/(B.D), ρp  =Ap/(B.D), B,D= width and depth of the section, W=total load due to self weight, P= 
applied point load 
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4.5.2 Analysis of Short-term and Long-term Behaviour 
 
To illustrate the time-dependent behaviour of the analytical model for prestressed concrete 
beams, detailed numerical results of beam P3S is presented in this section. Due to symmetry, 
only half of the beam was analysed. As the bond parameters for the hard drawn crimped wire 
were not available, the bond parameters for multi-strand tendon given in Li (1998) and 
presented in Chapter 3 were adopted in this validation. Short-term deflection is measured at 
the time of loading of the specimen and the long-term deflection due to a sustained load is 
measured at 500 days. Downward deflection is taken as negative. Figure 4.20 illustrate the 
beam elevation and the moment distribution from the centre of the beam to the support end.  
 
  
Figure 4.20   Beam elevation and moment distribution for beam P3S 
 
Figure 4.21 illustrate the deflection variation from the centre to the right-hand support of the 
beam at instantaneous and 500 days in time. 
P/2  
Centre of the beam  1067 mm 
1067 mm 
(a) Elevation of the beam  
(b)Moment distribution along the beam 
M
Mmax  
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Figure 4.21 Deflection variation along beam P3S at instantneous and 500 days  
 
Figure 4.22 and Figure 4.23 show the bottom un-tensioned steel strain and slip variation from 
the centre to the right-hand support of the beam at instantaneous and 500 days respectively. In 
prestressed members the increment in bottom un-tensioned steel strain and slip with respect to 
time due to creep and shrinkage is significant.  
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Figure 4.22   Bottom un-tensioned steel strain variation along beam P3S at  
    instantaneous and 500 days 
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Figure 4.23   Bottom un-tensioned slip variation along beam P3S at instantaneous and 
500 days  
 
Figure 4.24 and Figure 4.25 show the bottom tensioned (pre-stressed) steel strain and slip 
variation from the centre to the right hand support of the beam at instantaneous and 500 days. 
Tensioned steel strain reduces with time due to prestress losses caused by stress relaxation, 
creep and shrinkage. Figure 4.25 shows that tensioned steel slip has increased significantly 
with time due to creep and shrinkage. 
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Figure 4.24   Bottom tensioned steel strain variation along beam P3S at  
                     instantaneous and 500 days 
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Figure 4.25   Bottom tensioned slip variation along beam P3S at instantaneous  
                      and 500 days 
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4.5.3 Comparison of Deflections  
 
Table 4.11 compares the predicted mid-span deflections of prestressed beams with measured 
deflections at the time of first loading and at 500 days. The measured deflections are also 
plotted against the corresponding predicted deflection in Figure 4.26. 
 
Table 4.11 Summary of test and predicted deflections 
Specimen 
Deflection (mm) 
Predicted /Measured Measured Values 
 
Predicted Values 
 
Instantaneo
us 
t=500 
(days) 
Instantaneous 
t=500 
(days) 
Instantaneous 
t=500 
(days) 
4S -18.1 -38.4 -19.9 -41.2 1.1 1.07 
5S -26.2 -46.1 -23.8 -45.0 0.91 0.97 
7S -8.8 -21.7 -7.8 -26.7 0.88 1.23 
8S -16.5 -35.2 -22.0 -36.6 1.21 1.04 
9S -2.8 -6.9 -1.8 -5.61 0.71 0.81 
P3S -10.2 -22.6 -11.84 -31.5 1.16 1.39 
   
Figure 4.26 Comparison of measured and predicted time-dependent mid-span    
deflections    
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From Table 4.11 and Figure 4.26 a good correlation can be seen between the predicted results 
and the measured data for instantaneous and long-term deflection. The maximum variation 
between predicted and measured deflection is ±25 percent, except in the long-term deflection 
of post-tensioned beam P3S. 
 
In this validation, as the bond parameters for the hard-drawn crimped wire were not available, 
the bond parameters of multi-strand tendons were assumed. Hence, a comparison between 
measured and predicted magnitude of crack widths was not carried out as the crack width 
depends on the slip at the crack. 
4.6 SUMMARY 
 
In this chapter a comparison between measured and predicted results has been carried out. 
The comparisons show that the analytical model developed in Chapter 3 is able to predict 
short-term and long-term deflections and the long-term crack width with reasonable accuracy. 
The next chapter presents an analytical method to compute short-term and long-term 
deflections of an indeterminate continuous member. 
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CHAPTER 5 
 
INDETERMINATE FLEXURAL MEMBER ANALYSIS 
 
5.1 INTRODUCTION 
 
This chapter presents the application of the analytical model developed in Chapter 3 to 
determine long-term deflections and local deformations in a continuous beam and one-way 
spanning slab subjected to a uniformly-distributed load. The major challenge in applying the 
method developed in Chapter 3 for continuous members is the need for catering for moment 
distribution along the continuous members. An approximate method is presented to compute 
reactions and moments of exterior and interior supports and the moment distribution along a 
continuous flexural member. 
 
5.2 MOMENT DISTRIBUTION ALONG A CONTINUOUS FLEXURAL  
 MEMBER 
 
An approximate method is proposed and adopted to compute the negative and positive 
bending moment distribution along a continuous beam subjected to a uniformly-distributed 
load, by applying elastic analysis with no moment redistribution.  
 
In developing the approximate method the following assumptions are made: 
• The dimensions of sections and stiffness (EI) of all the spans are equal. 
• The difference of length between two adjacent interior spans is less than 20 
percent. 
• The flexural member is subjected to a uniformly-distributed load. 
 
Consider a continuous flexural member subjected to a uniformly-distributed load as shown in 
Figure 5.1(a). The moments at the supports of the continuous member due to the uniformly-
distributed load are M2, M3, M4 and the reactions are R1, R2, R3, R4 and R5 as shown in Figure 
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5.1(b). Computation of the moment distribution along the beam can be carried out by 
following the Steps 1 to 3 as given below.  
 
 
Figure 5.1 Continuous flexural member 
 
(1) Consider Span 1 (First or last span of a continuous beam or one-way spanning slab) as 
a propped cantilever beam and Span 2 as a fixed end beam and compute the relevant 
moment at the supports, as shown in Figure 5.2. 
 
l1 l2 l3 l4 
support 1 2 3 4 5 
span 1 span 2 span 3 span 4 
w 
l1 l2 l3 l4 
1 
R5 
M2 M3 M4 
R1 R2 R3 R4 
2 3 4 5 
span 1 span 2 span 3 span 4 
(a) Continuous member subjected to an external load  
(b) Moments and reactions due to external load  
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Figure 5.2 Propped cantilever and fixed-end beams 
 
(2) The moment M2 over support 2 and M3 over support 3 (refer to Figure 5.1(b)) can be 
computed by Equations 5.1 and 5.2 respectively. 
 
 
( )
2
2123
212
MMMM −+=                              (5.1) 
 
( )
2
3234
323
MMMM −+=                              (5.2) 
 
where 
( )
12
. 23
34
lwM =  
 
(3) As the moments over support are known reactions R12 R21, R23, and R32 (Refer to 
Figure 5.3) can be computed by considering the equilibrium conditions of forces and 
moments. Once the reactions R12 R21, R23, and R32 are known the moment distribution 
along spans 1 and 2 can be computed from Equations 5.3 and 5.4. 
 
For an exterior span of a continuous member: 
( )
2
. 2
221
xwMxRM x −−=                              (5.3) 
 
 
M21=w.l12/8 
1 2 2 3 
M23=w.l2 2/12 M32=w.l2 2/12 
w 
w 
span 1 span 2 
(a) Propped cantilever (b) Fixed end 
l1 l2 
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For an interior span of a continuous member: 
( )
2
. 2
223
xwMxRM x −−=                             (5.4) 
 
                 Figure 5.3      Reactions and moments of an exterior and interior beam 
 
This proposed method is simple and easy to apply to compute moment distribution along a 
continuous member if the member complies with the above mentioned assumptions. 
  
5.3 ANALYTICAL MODEL FOR CONTINUOUS FLEXURAL MEMBERS 
 
In the analytical model, exterior and interior spans of a continuous flexural member are 
treated from one support to the next support, as shown in Figure 5.4 and Figure 5.5. Each span 
is separated into elements, depending upon sagging or hogging moment and at the change of 
the direction of the slope of the moment distribution. 
R12 
1 2 2 3 
w 
w 
span 1 span 2 
(a) Exterior span (b) Interior span 
M2 
R21 
M2 M3 
R23 R32 
x 
x 
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Figure 5.4 Exterior span of a continuous beam with negative and positive 
                       moment regions  
 
     Figure 5.5     Interior span of a continuous beam with negative and positive 
   moment regions          
 
 
 
w KN/m M3 
Element 1 Element 2 
-
+
M2 
R23 R32 
M3 
M2 
x 
Element 3 Element 4 
L
l1 
w KN/m 
Element 1 Element 3 Element 2 
+
-
M2 
R21 R12 
M2 
x 
L
l1
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Each element is represented by a series of discrete blocks. Over the cracked region the 
discrete blocks are bounded by flexural cracks and the cracks are equally spaced with a crack 
spacing which is initially assumed as equal to the depth of the member. In the uncracked 
regions, the blocks are bounded by sections in which linear variation of strain and perfect 
bond exists and the blocks are equally spaced. Short-term and long-term deflections and local 
deformations are computed by applying the analytical model in Sections 3.2 and 3.3 of 
Chapter 3, for each block in each element of an exterior and interior span.  
                                
In a continuous member the point of maximum deflection does not always coincide with the 
point of maximum positive moment of the beam. At the initial computation of deflection, it is 
assumed that the points of maximum deflection and maximum moment coincide and the 
distance to the maximum moment from the interior support is l1 as shown in Figure 5.4 and 
5.5. l1 can be computed for an exterior and interior span by differentiating Equations 5.3 and 
5.4 respectively. The ratio between the distance to the maximum deflection point from the 
interior support and the length of the span between two supports is considered as α and 
initially α is equal to l1/L. Deflections are computed by integration of rotations of the cracked 
and uncracked blocks along the beam. If the deflection at the other support is not equal to 
zero, α is adjusted until the deflection is equal to zero, or within an acceptable tolerance.  
 
A computer program has been developed to simulate the short-term and long-term behaviour 
of an exterior and interior span of a post-tensioned continuous member subjected to 
uniformly-distributed load. In the program the moment distribution along the exterior and 
interior spans of the beam are computed by applying the method given in Section 5.2. A 
numerical example of a three-span continuous post-tensioned beam is given below to 
demonstrate the applicability of the analytical model for a continuous flexural member. 
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5.4 NUMERICAL EXAMPLE 
 
A three-span continuous post-tensioned beam is selected. The spans are 10 m, 12 m and 10 m 
respectively. The geometric, reinforcement and tendon details of the beam are given in Figure 
5.6. The section is 300 mm in width and 750 mm in depth and is reinforced with ten 
prestressing strands of 12.7 mm diameter at an effective depth of 625mm at the centre of the 
spans and over the supports. Clear cover to reinforcement is 35 mm. The reinforcing steel has 
a tensile strength (fsy) of 500 MPa and ultimate strength (fsu) of 650 MPa and uniform 
elongation at ultimate strength of 5%. The prestressing steel has a tensile strength (fpy) of 1750 
MPa and ultimate strength (fpu) of 1840 MPa and uniform elongation at ultimate strength of 
5%. The beam is prestressed with a 1575 kN prestressing force. The concrete compressive 
strength is 32 MPa and the flexural tensile strength of concrete is computed as given in AS 
3600 (2009). For the long-term concrete effects the basic shrinkage strain is assumed as 900 
microstrain, the creep factor as 3.4 according to AS 3600(2009) and relative humidity is taken 
as 50%. A uniformly distributed load (w) of 75 kN/m is applied at 14 days and suspended for 
1000 days. 
 
Material Properties: fsy = 500 MPa ; fsu = 650 MPa; εsu = 0.05; Es = 200,000 MPa ; 
fpy  = 1,750 MPa; fpu  = 1,840 MPa; εpu = 0.05; Ep = 195,000 MPa; 
 fc = 32 MPa; Ec= 29,000 MPa 
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Figure 5.6 Details of the continuous beam 
D=750 mm 
2N16  
2N24  10/12.7 mm 
strands  
B=300 
10000 mm 
75 (KN/m) 
14 Time (Days) 
Load (KN/m) 
(a) Section A-A 
(b) Load History 
1000 
75 
(c) Beam Elevation 
12000 mm 10000 mm 
2N16  2N16  4N24  4N24  
2N24  2N24  2N24  2N16  2N16  
2N16  
A 
A 
10/12.7 mm 
strands
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To demonstrate the applicability of the method presented in Section 5.2, a comparison 
is carried out between the moments at supports derived by applying the well known 
moment distribution method and the method in Section 5.2. 
  
Method 1: Moment Distribution Method 
 
     Figure 5.7 Continuous beam 
 
Figure 5.7 shows the support numbers and Table 5.1 gives the computation of the final 
moment at each support by applying the moment distribution method (Hibbeler, 2005). 
 
Table 5.1 Moment distribution  
Support 1 2 3 4 
Member 1-2 2-1 2-3 3-2 3-4 4-3 
DF 1 0.47 0.53 0.53 0.47 1 
COF 0.5 0.5 0.5 0.5 0.5 0.5 
FEM -625 625 -900 900 -625 625 
Dist. 625 129 146 -146 -129 -625 
COM 64.5 313 -73 73 -313 -64.5 
Dist. -64.5 -112.8 -127.2 127.2 112.8 64.5 
COM -56.4 -32.25 63.6 -63.6 32.25 56.4 
Dist. 56.4 -14.73 -16.61 16.61 14.73 -56.4 
COM -7.36 28.2 8.3 -8.3 -28.2 7.36 
Dist. 7.36 -17.15 -19.3 19.3 17.15 -7.36 
COM 8.57 3.68 9.65 -9.65 3.68 8.57 
Dist. 8.57 -6.26 -7.06 7.06 6.26 -8.57 
∑M 0 915.7 915.6 915.6 915.6 0 
DF=distribution factor, COF=Carry over factor, FEM= Fixed end moment, Dist. =Balance Moment, 
COM= Carry over moment, ∑M= Final moment at each support 
The moment at support 2, M2 = 915.6 kNm 
 
10000 mm 12000 mm 10000 mm 
1 2 3 4 
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Method 2: Method presented in Section 5.2 
 
Figure 5.8      Moments at exterior and interior spans 
 
Figure 5.8 shows the fixed end moments of the exterior and interior spans when 
considered as a propped cantilever and fixed-end beam respectively. The moment at 
support 2 (M2) is computed by applying Equation 5.1. 
 
M2 = 938 + (900-938)/2 = 919 kNm 
 
It can be seen the difference between the moment at support 2 (M2) derived by applying 
method 1 and 2 is less than 1 percent. 
 
Figure 5.9 depicts rotation and deflection variation along the beam from the left-hand 
exterior support at 14 and 1000 days. It can be seen the positive block rotation in the 
support region and the negative rotation in the mid-span region increases with time. As 
the deflections along the beam are computed by the integration of block rotations, the 
positive and negative deflections also increase with time. 
 
 
 
 
M32=75.122/12 
      =900 kNm 
M21=75.102/8 
      =938 kNm 
1 2 2 3 
M23=75.122/12 
      =900 kNm 75 (kN/m) 
span 1 span 2 
(a) Exterior Span (b) Interior span 
10 m 12 m
75 (kN/m) 
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Figure 5.9 Rotation and deflection variation along the beam 
 
 
Figure 5.10 depicts the strain and slip variation of top reinforcing steel and it can be 
seen the beam is cracked over the support region. Figure 5.11 shows the strain and slip 
variation of prestressing steel.  
10000 mm 12000 mm 
tendon profile 
10000 mm 
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Figure 5.10 Top reinforcement strain and slip variation along the beam  
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Figure 5.11 Prestressing steel strain and slip variation along the beam  
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The negative and positive applied moments are at maximum over the support and mid-
span region respectively. Therefore it can be seen from Figure 5.11(a) that the strain in 
the prestressing steel peaks in these regions. 
   
5.5 SUMMARY 
 
This chapter has presented a new approximate method to compute moment 
distribution along a continuous beam subjected to a uniformly-distributed load. 
Between two supports the beam is divided into elements and the analytical method 
developed in Chapter 3 is applied to each block in each element. A computer program 
using Fortran 90 has been developed for an exterior and interior span of a continuous 
member and an example has been presented using this program.  
 
Long-term deflections of an office building with post-tensioned continuous beams and 
slabs were monitored during construction. A comparison is carried out in Chapter 6 
between the predicted long-term deflections of beams computed using the analytical 
model developed in this chapter for continuous beams and the monitored deflection 
measurements of the office building.   
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CHAPTER 6 
 
COMPARISON OF THE PREDICTED DEFLECTIONS 
WITH 
DATA FROM A MONITORED BUILDING PROJECT 
 
6.1 INTRODUCTION 
 
In this chapter, a comparison between the predicted time-dependent deflections using 
the developed analytical model and the real-life deflection measurements of post-
tensioned beams is carried out. Very few of the published works (Bains, 2005; Vincent 
et al., 2010) covers the measurements of deflections of concrete floor slabs and beams 
of a building during construction. The existing published laboratory experiments on 
time-dependent deflections were carried out in controlled environment with known 
applied loads and positions. However in real-life the environmental factors such as 
relative humidity and temperature, and applied loads change with time. Hence there 
exists a great need to understand the actual behaviour of real-life flexural members 
under changing environmental conditions. For this purpose actual deflections of post-
tensioned floors of a multi-level office building were measured from the 
commencement of the construction to the completion of the building. 
 
The building is an eleven storey office building for National Foods in Burke Street in 
Melbourne. The construction of the building started on April 2007 and was completed 
on November 2008. The construction contractor and the consulting company for this 
project were Equiset Grollo Group and Meinhardt Consulting Engineers respectively. 
The structural design for post-tensioned floors was provided by Post-tensioned 
Concrete Systems (Aust).  The surveying of the selected post-tensioned floor slabs and 
beams was carried out by Max Braid Surveyors (MBS).    
 
6.2 GENERAL ARRANGEMENT OF THE BUILDING 
 
An eleven storey building was selected to monitor the actual deflections of post-
tensioned beams and slabs during construction. Levels 1 and 2 of this building are 
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utilized as car parks, Levels 3 to 10 are used as offices and Level 11 is the concrete 
roof.  General arrangements of the floor plans of Level 2 and 3 are similar to Level 1 
while the floor plans from level 4 to 10 are similar and are shown in Figure 6.1 to 
Figure 6.3 respectively.  In most areas of Levels 1 to 3 the floor system consists of a 
160 mm thick one-way spanning post-tensioned slab with 450 mm deep and 2400 mm 
wide post-tensioned internal band beams. Levels 4 to 10 mostly comprise of 180 mm 
thick one-way spanning post-tensioned slabs with 480 mm deep and 2400 mm wide 
post-tensioned internal band beams, as given in Table 6.1.  Level 11 is the roof and it 
has a plant room with cooling and heating machinery. At the centre of the building a lift 
core is provided for the lateral stability of the building. 
 
Table 6.1 Slab and beam details at each floor level 
Floor Levels Purpose Slab thickness (mm) 
Band Beams 
Depth 
(mm) 
Width 
(mm) 
1 and 2 Car park 160 450 2400 
3 Office 160 450 2400 
4 to 10 Office 180 480 2400 
11 Roof 180 480 2400 
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Figure 6.1 General Arrangements of Level 1, Level 2 and Level 3 
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Figure 6.2 General Arrangements of Levels 4 to Level 10 
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Figure 6.3 General Arrangement of Level 11 
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6.3 MONITORING PROGRAM  
 
Max Braid Surveyors (MBS) were appointed to undertake the survey of floor 
measurements of the office building during construction. After consultation with MBS, 
the author developed a method of monitoring of floor deflections as described below.  
 
Five floor levels, Level 1, 2, 4, 5 and 11 and an area comprising of continuous beams 
and slabs at each of these floors were selected for the monitoring purpose. The 
locations selected to survey along beams and slabs are shown in Figure 6.4. It was 
decided to survey the top surface of the concrete floor at each location. As band beams 
in the selected area are 2.4m wide, measurements along the beam were taken at the 
centre and at two edges as illustrated in Figure 6.5. Locations for slab measurements 
were selected at the center of the span and over the supports as shown in Figure 6.5.  
  
The survey of floor deflection measurements at frequent time intervals during 
construction of the building was carried out. The monitoring sequence was as follows: 
 
• First, the slab and beam top level measurements were monitored on the 
day following  the placement of concrete  
• during the period when the measured floor is supporting the props of the 
above floors 
• followed by one survey in every two or three months up to the 
completion of the construction of the building. 
 
For each monitored floor, concrete compressive strength, modulus of rupture, modulus 
of elasticity, concrete creep and shrinkage tests were planned and were conducted 
according to Australian Standards. Therefore arrangements were made to collect 
relevant test specimens cast on the same day of concreting, from the same batch of 
concrete used on site.  
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Figure 6.4 Details of monitored locations 
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Figure 6.5 Part of the floor area with monitored locations 
 
6.4 SURVEY RESULTS 
 
Slab and beam level measurements were made using standard level surveying 
techniques.  A benchmark was established for a column on each floor and the reduce 
level of this benchmark was measured. The monitoring locations were marked with 
nails on the top surface of each concrete floor as shown in Figure 6.6.  Then, using a 
theodolite and staff the height at each location with respect to the benchmark was 
measured. The surveyed measurements of all locations for each level are given in 
Appendix A.  
A 
A B
6
5
28 29 30 31 32 33 34 
29 30 31 32 33 34 28 
(a) Part of the floor area with monitored locations 
(b) Section A-A 
A
Band beams
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Figure 6.6 A monitored location marked with a nail 
 
Surveyed measurements for slabs at selected locations along Grid 4b and for beams 
along Grid B at Level 2 are presented in Table 6.2 and Table 6.3 respectively. The 
survey points are numbered between gridlines A to C for the slab and gridlines 4 to 6 
for the beam as shown in Figure 6.7 and Figure 6.8 respectively.  
 
 
 154
 
 
 
 
 
   
Figure 6.7   Slab elevation and measured locations along Grid 4b at Level 2 
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(b) Slab elevation with measured locations along grid 4b 
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Table 6.2 Slab measurements surveyed level (m) along grid 4b at Level 2 
Date 89 187 91 188 93 189 95 190 97 
30/07/2007 1.498 1.498 1.506 1.504 1.498 1.493 1.494 1.497 1.498 
13/08/2007 1.499 1.501 1.511 1.508 1.500 1.497 - 1.499 1.491 
05/09/2007 1.500 1.505 1.515 - 1.504 1.502 - - 1.497 
21/09/2007 1.500 1.504 1.513 - 1.503 1.501 1.503 1.501 1.494 
22/10/2007 1.498 1.503 1.509 - 1.503 1.500 1.502 1.500 1.493 
06/12/2007 1.495 1.501 1.508 - 1.502 1.500 1.503 1.501 1.493 
04/02/2008 1.493 1.499 1.507 - 1.501 1.500 1.502 1.500 1.492 
16/04/2008 1.494 - 1.508 - 1.502 1.500 1.503 1.501 1.494 
23/05/2008 1.494 1.500 1.508 - 1.501 1.499 1.503 1.500 - 
12/08/2008 1.495 1.500 1.508 - 1.502 1.500 1.503 1.501 1.493 
06/10/2008 - - - - - - - 1.501 1.493 
  
 
 
 
      Figure 6.8         Beam elevation and measured locations along grid B at Level 2 
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Table 6.3 Beam measurements surveyed level (m) along grid B at Level 2 
Date 117 105 93 69 57 45 33 21 9 
30/07/2007 1.496 1.498 1.498 1.493 1.496 1.499 1.495 1.493 1.492 
13/08/2007 1.498 1.501 1.500 1.494 1.498 1.505 1.502 1.499 1.496 
05/09/2007 1.498 1.504 1.504 1.496 1.498 1.507 1.502 1.502 1.496 
21/09/2007 1.496 1.503 1.503 1.497 1.498 1.507 1.504 1.501 - 
22/10/2007 1.494 1.502 1.503 1.495 1.498 1.505 1.503 1.500 - 
06/12/2007 1.493 1.501 1.502 1.495 1.497 1.505 1.503 1.500 - 
04/02/2008 1.491 1.500 1.501 1.494 1.497 1.505 1.502 1.499 - 
16/04/2008 1.493 1.501 1.502 - 1.497 1.505 1.504 1.500 - 
23/05/2008 1.492 1.500 1.501 - 1.498 1.506 1.504 1.500 - 
12/08/2008 1.492 1.501 1.502 1.495 1.498 1.506 1.504 1.501 - 
06/10/2008 - - - 1.495 1.498 1.506 - 1.501 - 
 
The first survey of Level 2 was carried out on 30th July 2007 that is one day after 
concreting. At the time of first monitoring, the deflection of the concrete floor is 
assumed to be zero as it was supported by formwork and the floor was not loaded by 
the above floors. The second surveying was carried out after two weeks that is on 13th 
August 2007. From Tables 6.2 and 6.3 it can be seen that the surveyed level at each 
location has varied with time. The deflection at each location on 13th August 2007 is 
the difference between the measured readings on 13th August 2007 and 30th July 2007. 
For example, the actual measured deflection at location 89 (refer to Table 6.4) on 13th 
August 2007 is -0.001 m. The actual measured deflections of slab and beam with 
respect to Tables 6.2 and 6.3 are given in Table 6.4 and 6.5 respectively. 
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Table 6.4 Actual measured slab deflections (mm) along Grid 4b at Level 2 
Date 89 187 91 188 93 189 95 190 97 
30/07/2007 0 0 0 0 0 0 0 0 0 
13/08/2007 -1 -3 -5 -4 -2 -4 - -2 -2 
05/09/2007 -2 -7 -9 - -6 -9 - - -8 
21/09/2007 -2 -6 -7 - -5 -8 -9 -4 -5 
22/10/2007 -2 -5 -3 - -5 -7 -8 -3 -4 
06/12/2007 3 -3 -2 - -4 -7 -9 -4 -4 
04/02/2008 5 -1 -1 - -3 -7 -8 -3 -3 
16/04/2008 4 - -2 - -4 -7 -9 -4 -5 
23/05/2008 4 -2 -2 - -3 -6 -9 -3 - 
12/08/2008 3 - -2 - -4 -7 -9 -4 -4 
06/10/2008 - -2 - - - - - -4 -4 
 
 
Table 6.5 Actual measured beam deflections (mm) along grid B at Level 2 
Date 117 105 93 69 57 45 33 21 9 
30/07/2007 0 0 0 0 0 0 0 0 0 
13/08/2007 -2 -3 -2 -1 -2 -6 -7 -6 -4 
05/09/2007 -2 -6 -6 -3 -2 -8 -7 -9 -4 
21/09/2007 0 -5 -5 -4 -2 -8 -9 -8 - 
22/10/2007 2 -4 -5 -2 -2 -6 -8 -7 - 
06/12/2007 3 -4 -4 -2 -1 -6 -8 -7 - 
04/02/2008 5 -2 -3 -1 -1 -6 -7 -6 - 
16/04/2008 3 -3 -4 - -1 -6 -9 -7 - 
23/05/2008 2 -2 -3 - -2 -7 -9 -7 - 
12/08/2008 2 -3 -4 -2 -2 -7 -9 -8 - 
06/10/2008 - - - - -2 -7 - -8 - 
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6.5 CONSTRUCTION SEQUENCE 
 
In this project, floors were generally supported for 28 days after the placement of 
concrete. After stripping, the unsupported floor supported a maximum of two concreted 
floors constructed above it, the formwork and the scaffolding of the third floor to be 
concreted, for a period of 2 to 3 weeks until supports to the above floor were removed 
as shown in Figure 6.9(b) and (c).  
 
Total Load = Self weight of slab + Construction load  
 
 
Figure 6.9 General arrangement of Floor supports 
 
Table 6.6 gives the dates of floor concreting and the removal of formwork for each 
monitored level. 
 
1st Floor 
2nd Floor 
1st Floor 
2nd Floor 
3rd Floor 
4th Floor 
1st Floor 
2nd Floor 
3rd Floor 
4th Floor 
5th Floor 
(a) 1st Floor supports (b) Removal of 1st Floor   supports (c) Removal of 2nd Floor  
      supports 
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Table 6.6 Dates of concreting and removal of formwork 
Floor  Level 
Dates 
Placement of concrete Removal of  formwork 
1 14/06/2007 09/08/2007 
2 29/07/2007 27/08/2007 
3 14/08/2007 14/09/2007 
4 23/08/2007 24/09/2007 
5 06/09/2007 08/10/2007 
6 18/9/2007 24/10/2007 
11 15/11/2007 16/12/2007 
 
6.6 MATERIAL PROPERTIES 
 
An average concrete strength of 32 MPa was used and the minimum concrete strength 
at transfer of prestress was 22 MPa. The fire rating was 2 hours for all floors. All 
tendons consisted of 12.7mm super grade low relaxation strands.  All tendons were 
partially stressed up to 25% of ultimate tensile strength of 184 kN per strand, 24 hours 
after the concrete pour. Once concrete strength had reached a minimum strength of 22 
MPa, tendons were fully prestressed to 85% of ultimate tensile strength that is 156.4 
kN. After the full stressing of tendons, ducts were filled with grout of 60MPa strength. 
Band beams were reinforced with top and bottom longitudinal reinforcement of Grade 
500N. The cover for the reinforcement is given in Table 6.7. The average temperature 
and relative humidity for each month during construction are shown in Appendix B. 
 
Table 6.7     Cover to reinforcement (mm) 
Member type 
Internal areas Exposed areas 
Top cover Bottom cover Top cover Bottom cover 
Slab 25 25 40 40 
Beam 25 25 40 40 
 
6.7 CONCRETE TESTING 
 
Compressive strength, modulus of rupture, modulus of elasticity, concrete creep and 
shrinkage tests were carried out according to Australian Standards for Levels 1, 2, 4, 5, 
9 and 11, and the results are presented in Table 6.8. For each floor, all test specimens 
were cast on the same day from the same batch of concrete used on site. Compressive 
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strength and shrinkage tests were carried out at the laboratory of Holcim Australia Pty 
Limited (formerly Cemex) and other tests at the concrete laboratories at RMIT 
University.  
 
For creep test 100mm diameter, 200mm high cylinders were cast from the same batch 
of concrete used on site. A Demec gauge was used to measure strains of loaded 
specimens for creep and unloaded specimens for drying shrinkage. Creep coefficient at 
different times are calculated according to Clause 3.1.8 in AS3600 (2009) which is 
given below and AS3600 (2001). 
 
The design creep coefficient φcc is given as: 
 
bcccc KKKK .5432 ... ϕϕ =         (6.2) 
 
htt
tK
.15.0
.
8.0
8.0
2
2 +=
α          (6.3) 
 
hte 008.02 .12.10.1
−+=α         (6.4) 
 
where t is in days and th is the hypothetical thickness of a member. K3 is taken as 1.1 
according to Figure 3.1.8.3(B) of AS 3600 (2009). K4 and K5 are taken as 0.5 and 1.0 
respectively. The basic creep coefficient is computed from Table 3.1.8.2 of AS 3600 
(2009) and the measured concrete compressive strength at 28 days given in Table 6.8 
for the relevant level is used.  
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Table 6.8 Concrete test results 
Floor Level 
Compressive 
strength(MPa) in 
days 
Modulus of 
Rupture (MPa) 
Modulus of 
Elasticity (MPa) 
Drying 
Shrinkage at 56 
days 
7 14 28 
1 29 33 38 4.75 28935 690x10-6 
2 30 - 37.5 4.6 27284 920x10-6 
4 31 - 37.5 - - - 
5 29 32.5 36 4.6 32976 600x10-6 
9 31 35.5 38 5.0 32950 - 
11 29 30 35.5 4.5 31166 430x10-6 
 
Experimental and calculated creep coefficient variation with time for Levels 2, 5, 9 and 
11 is shown in Figure 6.10 which indicates that the experimental creep coefficient is 
about 50 percent less than the calculated value using AS3600 (2009).  
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(a) Creep coefficient versus Time (level 2)
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(c) Creep coefficent versus Time (Level 9)
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(b) Creep coefficent versus Time (level 5)
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(d) Creep coefficent versus Time (level 11)
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Figure 6.10 Experimental and calculated creep coefficient versus time 
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 Some photographs of the concrete tests are shown from Figure 6.11 to Figure 6.13. 
      
    
 
Figure 6.11 Photograph of modulus of elasticity test 
 
    
 
  Figure 6.12 Photograph of modulus of rupture test 
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Figure 6.13  Photograph of concrete creep test 
 
6.8 STRUCTURAL DETAILS OF MONITORED SLABS AND BEAMS 
 
At Levels 1 to 3 the post-tensioned band beams were 450 mm deep and at Levels 4 to 11 the 
band beams were 480 mm deep. Band beams were provided with prestressing steel and 
longitudinal reinforcement at top and bottom levels throughout the span. In one-way 
spanning post-tensioned slabs only prestressing steel was present. Elevations of beams and 
slabs with tendon profiles and reinforcements are given in Figure 6.14 and Figure 6.15 
respectively. The percentages of area of prestressing steel ρp for each beam and slab are 
given in Tables 6.9 and 6.10 and details and percentages of areas of reinforcement ρst in 
band beams at the monitored area are given in Table 6.11. Details of prestressing steel in 
slabs and beams at the monitored area at each floor level are given in Figure 6.16 to Figure 
6.19. The values shown along the tendon indicate the depth between the tendon and the 
soffit of the beam or slab. 
  
100
.
×=
DB
Ast
stρ   
 100
.
×=
DB
Ap
pρ  
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Table 6.9 Percentages of prestressing steel ρp for slabs 
Floor Level 
 
Between grid 4 and 5 Between grid 5 and 6 
Grid A to B Grid B to C Grid A to B Grid B to C 
Level 1 0.18 0.18 0.22 0.22 
Level 2 0.18 0.18 0.22 0.22 
Level 4 and 5 0.21 0.23 0.17 0.18 
Level 11 0.18 0.25 0.12 0.17 
 
 
Table 6.10 Percentages of prestressing steel ρp for beams 
Floor Level 
 
Beam along grid 
A 
Beam along grid 
B 
Beam along grid 
C 
Beams along grid 
4 and 6 
Level 1 0.12 0.14 0.28 0.12 
Level 2 0.12 0.14 0.14 0.12 
Level 4 and 5 0.26 0.26 0.26 0.13 
Level 11 0.35 0.26 0.26 0.13 
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4 
Figure 6.14 Beam elevation with prestressing steel and reinforcement 
5 6
9600 mm 12000 mm
Bottom 
Reinforcement
Bottom 
Reinforcement
Top 
Reinforcement
Top 
Reinforcement
Top Reinforcement 
over the support 
Prestressing steel 
2N12Prestressing steel Bottom 
Reinforcement
Top 
Reinforcement
A 
B 
2N12Prestressing steel Bottom Reinforcement
Top 
Reinforcement
B 
A 
(a) Beam Elevation 
B
D
(c) Section B-B (b) Section A-A 
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(a) Slab Elevation 
Prestressing steel 
A B C
8400 mm 8400 mm
Prestressing steel 
A 
A 
(b) Section A-A 
Figure 6.15 Slab elevation with prestressing steel  
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Table 6.11 Details and percentages of reinforcement ρst in band beams 
 
Beam along grid 
A 
Beam along grid 
B 
Beam along grid 
C 
Beam along grid 
4 and 6 
Floor 
level 
Reinforcem
ent position 
Grid 
4 to 5 
Over grid 5 Grid 5 to 6 Grid 4 to 5 Over grid 5 Grid 5 to 6 Grid 4 to 5 Over grid 5 Grid 5 to 6 
Grid 
4 to 5 
Over 
grid 
5 
Grid 
5 to 6 
1 and 2 
Top 
4N16 
(0.1) 
4N16+2N20 
(0.18) 
4N16 
(0.1) 
6N16 
(0.11) 
6N16+10N24 
(0.53) 
6N16 
(0.11) 
6N16 
(0.11) 
6N16+10N32 
(0.86) 
6N16 
(0.11) 
4N16 
(0.22) 
4N16 
(0.22) 
4N16 
(0.22) 
Bottom 
4N16 
(0.1) 
4N16 
(0.1) 
4N16+2N20 
(0.18) 
6N16+2N20 
(0.17) 
6N16+3N12 
(0.142) 
6N16+4N20 
(0.22) 
6N16 
(0.11) 
6N16+16N32 
(1.3) 
6N16+6N20 
(0.26) 
4N16 
(0.22) 
4N16 
(0.22) 
4N16 
(0.22) 
4 and 5 
Top 
2N16 
(0.05) 
2N16 
(0.05) 
2N16 
(0.05) 
4N16 
(0.07) 
4N16+5N20 
(0.2) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
2N16 
(0.1) 
2N16 
(0.1) 
2N16 
(0.1) 
Bottom 
2N16 
(0.05) 
2N16+5N12 
(0.11) 
2N16 
(0.05) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16 
(0.07) 
2N16 
(0.1) 
2N16 
(0.1) 
2N16 
(0.1) 
11 
Top 
2N16 
(0.05) 
2N16+7N20 
(0.3) 
2N16 
(0.05) 
4N16 
(0.07) 
4N16+11N28 
(0.65) 
4N16 
(0.07) 
4N16 
(0.07) 
4N16+9N28 
(0.55) 
4N16 
(0.07) 
2N16 
(0.1) 
2N16 
(0.1) 
2N16 
(0.1) 
Bottom 
2N16 
(0.05) 
2N16+7N20 
(0.3) 
2N16 
(0.05) 
4N16+8N16 
(0.21) 
4N16 
(0.07) 
4N16+7N16 
(0.2) 
4N16+4N16 
(0.14) 
4N16 
(0.07) 
4N16+8N16 
(0.2) 
2N16 
(0.1) 
2N16 
(0.1) 
2N16 
(0.1) 
 
( ) Percentage of reinforcement 
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Figure 6.16  Post Tension layout for Level 1 
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Figure 6.17 Post Tension layout for Level 2 
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Figure 6.18 Post Tension layout for Levels 4 and 5 
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                                Figure 6.19 Post Tension layout for Level 11 
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Some photographs taken during construction of the building are shown in Figure 6.20. 
 
 
 
   (a) The building at early stage of construction 
 
 
 
 
 
   (b) Prestressing steel and reinforcement over a beam 
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(c) Prestressing steel over a slab  
  
 
 
 
    (d) The building during construction 
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   (e) The building after the completion of construction 
 
Figure 6.20 Photographs during construction of the building 
 
6.9 COMPARISON OF THE PREDICTED DEFLECTION WITH  
              MONITORING DATA OF THE OFFICE BUILDING 
 
In this section  a comparison is made between the predicted deflections using the 
analytical model and the monitored deflections of the real-life building project 
described in previous sections.  
 
6.9.1 Details of the Beams at each Monitored Floor Level 
 
Details of band beams at each level are given in Table 6.12 and reinforcement details of 
each band beam are given in Table 6.11. As tendon profiles vary along the beams, 
Figures 6.16 to 6.19 are referenced to compute the tendon depth. Concrete material data 
obtained from concrete test results were used for all levels with the exception of Level 
4 due to the  absence of some of the test data and material models of AS 3600 (2009) 
have been used for level 4. As measured shrinkage strain data are available up to 56 
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days, basic shrinkage strain is assumed as 900x10-6 and shrinkage strain at a particular 
time is computed according to AS 3600(2009).  
 
Table 6.12 Beam details of monitored levels 
Floor 
level 
Beam 
along 
B 
(mm) 
D 
(mm) 
No. of 
strands 
Ap 
(mm2) 
Pi (kN) 
fc’ 
(MPa) 
fct’ 
(MPa) 
Ec 
(MPa) 
1 
Grid A 450 1800 10 1000 1564 38 4.75 28935 
Grid B 450 2400 15 1500 2346 38 4.75 28935 
Grid C 450 2400 30 3000 4692 38 4.75 28935 
Grid 4 450 1800 10 1000 1564 38 4.75 28935 
Grid 6 450 1800 10 1000 1564 38 4.75 28935 
2 
Grid A 450 1800 10 1000 1564 37 4.6 27284 
Grid B 450 2400 15 1500 2346 37 4.6 27284 
Grid C 450 2400 15 1500 2346 37 4.6 27284 
Grid 4 450 1800 10 1000 1564 37 4.6 27284 
Grid 6 450 1800 10 1000 1564 37 4.6 27284 
4 
Grid A 480 1200 15 1500 2346 38 3.7 31165 
Grid B 480 2400 30 3000 4692 38 3.7 31165 
Grid C 480 2400 30 3000 4692 38 3.7 31165 
Grid 4 480 800 5 500 782 38 3.7 31165 
Grid 6 480 800 5 500 782 38 3.7 31165 
5 
Grid A 480 1200 15 1500 2346 36 4.6 32796 
Grid B 480 2400 30 3000 4692 36 4.6 32796 
Grid C 480 2400 30 3000 4692 36 4.6 32796 
Grid 4 480 800 5 500 782 36 4.6 32796 
Grid 6 480 800 5 500 782 36 4.6 32796 
11 
Grid A 480 1200 20 2000 3128 35 4.5 31166 
Grid B 480 2400 30 3000 2346 35 4.5 31166 
Grid C 480 2400 30 3000 2346 35 4.5 31166 
Grid 4 480 800 5 500 782 35 4.5 31166 
Grid 6 480 800 5 500 782 35 4.5 31166 
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The load acting on the floor during construction at each level consists of the self weight 
of the floor and the construction load. For each beam two stages are considered, i.e. 
when the floor is subjected to a maximum construction load due to the support of the 
above floors (Stage 1) and a nominal construction load after the removal of the above 
floor supports (Stage 2). The survey measurements of each floor for Stage 1  is due to 
the load of two floors constructed above it (refer to Figure 6.9 (b)) and the formwork of 
the third level, while for stage 2 (refer to Figure 6.9(c)), it is due to a nominal load. The 
construction load at Stage 1 due to shoring is assumed to be approximately the slab 
dead load (Gardner and Fu, 1987; Kajewski, 2005; Agarwal and Gardner, 1974; 
Sbarounis, 1984; Grundy and Kabaila, 1963) and 3.75 kN/m2 for Levels 1 and 2 and 4.5 
kN/m2 for Levels 4 and 5 are assumed. The nominal construction load at Stage 2 for 
level 2 is assumed as 0.5 kN/m2 as most of the time during construction the floor was 
not subjected to any other load other than the self weight. For Levels 4, 5 and 11 the 
nominal construction load is assumed as 1.5 kN/m2 as these floors were sometimes 
stacked with light-weight construction equipments and formwork. Figure 6.21 shows 
the construction load variation with time for each monitored floor of Levels 1, 2, 4, 5 
and 11.  
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Figure 6.21 Construction load variation with time for Levels 1, 2, 4, 5 and 11 
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6.9.2 Comparison of Deflections of the Beams at each Monitored Floor Level 
 
In this section, the monitored and predicted long-term deflections along the beams at 
each monitored level are compared. Table 6.13 and Figure 6.22 represent deflection 
variation at monitored locations 34 and 38 at Level 2 (refer to Figure 6.4). Figure 6.22 
shows that at the beginning, deflection increases with time then decreases for some 
time and again starts to increase. The first increase of deflection with time is caused by 
the propping of the floor above. When the propping of the above floor is removed, the 
applied load is reduced, hence deflection decreases. Deflection then starts to increase 
again with time due to the long-term effects of creep and shrinkage.  
 
Table 6.13 Deflection variation with time at locations 34 and 38 at Level 2 
Time (Days) Location 34 Location 38 
0 0 0 
17 -7 -9 
40 -14 -13 
56 -12 -11 
87 -11 -11 
132 -10 -11 
192 -11 -10 
265 -11 - 
302 -12 -12 
413 -12 -12 
468 - -13 
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    Figure 6.22    Deflection variations with time at locations 34 and 38 at Level 2 
 
At a certain distance from grid 4, three measurements are available for each beam, both 
along the centre line and at beam sides. For example, consider the beam along grid B at 
Level 2 and a point at a distance 15.6 meters away from grid 4. There are three 
monitored locations 32, 33 and 34, as shown in Figure 6.23 (also refer to Figure 6.4) 
and the measured deflections at 413 days are -6, -9 and -12 mm respectively.  
The average measured deflection = ( ) ( ) ( )[ ]
3
1296 −+−+− =-9.7 mm 
 
Figure 6.23 Locations 32, 33 and 34 at Level 2 
 
The measured deflection at location 32 is about 50 percent less than the measured 
deflection at location 34. This difference between three locations at an equal distance 
B
Location 32 Location 34 Location 33 
2400 mm
450 mm
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from grid 4 is observed in most of the beams. Hence for the comparison, averages of 
the three measured deflections and measured deflection at the centre are used. The 
measured deflection at the centre of the beam i.e. at the location marked as 33, is equal 
to -9 mm. 
 
For clarity the comparisons between predicted and measured deflections are presented 
separately for Stage 1 when the floor is supporting the floors above and Stage 2 i.e. 
after the removal of the above floor supports. Table 6.14 to Table 6.17 compare 
predicted deflections with measured deflections along beams for floor Levels 1, 2, 4 
and 5 under Stage 1 loadings. Furthermore, Figures 6.24 to 6.27 present the measured 
and predicted deflection variations along the beam for Stage 1.  
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Table 6.14 Summary of measured and predicted deflections for beams at Level 1 (Stage 1) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
60 
Measured (avg.) 0 -2 -5.5 -6.5 -3.5 -2.3 0 - -4 -10 -5.5 -3 0 
Measured (ctr.) 0 -2 -4 -5 -3 -1 0 - -3 -10 -5 -3 0 
Predicted 0 -.41 -3.0 -4.0 -1.5 -0.3 0 -1.1 -5.4 -10.6 -8.7 -5.2 0 
Along 
Grid B 
60 
Measured (avg.) 0 -2.7 -4.5 -5.5 -4.33 -2 0 -1.3 -6 -13 -9 -5 0 
Measured (ctr.) 0 -2 -5 -5 -4 -2 0 1 -7 -12 -8 -6 0 
Predicted 0 -.3 -3.6 -4.0 -1.4 -.04 0 0.6 -4.5 -13 -11.6 -6.5 0 
Along 
Grid C 
60 
Measured (avg.) 0 - -3.7 -3 -3.5 -4.5 0 -1.3 -4 -7.7 -6 -5.3 0 
Measured (ctr.) 0 - -4 -3 - - 0 -1 -4 -8 -6 -6 0 
Predicted 0 2.4 4.8 7.4 4.8 2.91 0 -.8 -4 -9.6 -9 -5.5 0 
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Table 6.15  Summary of measured and predicted deflections for beams at Level 2 (Stage 1) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
17 
Measured (avg.) 0 -0.3 -2 -1.7 -1.3 -0.3 0 -0.7 -1 - -4.3 -2.3 0 
Measured  (ctr.) 0 0 -2 -1 -2 0 0 -1 - - -5 -2 0 
Predicted 0 -0.2 -2 -2.5 -1.1 -0.3 0 -0.6 -3 -7.0 -5.5 -3.2 0 
40 
Measured (avg) 0 -2 -3 -3.3 -2 -1 0 -3 -2.3 -4 -3.7 -1.6 0 
Measured  (ctr.) 0 -1 -3 -2 -2 0 0 - -2 -4 -3 -1 0 
Predicted 0 -0.4 -2.6 -3.2 -1.4 -0.35 0 -0.8 -4.0 -9.0 -7.5 -4.7 0 
Along 
Grid B 
17 
Measured (avg.) 0 -1.7 -2.7 -3.3 -1.6 -1 0 -2 -4.66 -7.67 -6.33 -4 0 
Measured  (ctr.) 0 -2 -3 -2 -2 -1 0 -2 -6 -7 -6 -4 0 
Predicted 0 0.17 -2.2 -2.5 -0.5 0.28 0 0.97 -1.7 -6.8 -7 -4.2 0 
40 
Measured (avg.) 0 -3 -5.7 -6.5 -3.7 -2.7 0 -2 -7 -10.5 -9.33 -4.7 0 
Measured  (ctr.) 0 -2 -6 -6 -4 -3 0 -2 -8 -7 -10 -4 0 
Predicted 0 0.9 -2.9 -3.3 -1.1 0.2 0 1.6 -2.4 -9.5 -8.5 -4.3 0 
Along 
Grid C 
17 
Measured (avg.) 0 - -2 -2.3 0 -1 0 -2.3 -4.7 -7 -6 -3.3 0 
Measured  (ctr.) 0 - -2 -3 0 -1 0 -2 -6 - -6 -2 0 
Predicted 0 -0.3 -2 -3.5 -2 -0.9 0 1.9 -0.5 -5.3 -5.3 -2.8 0 
40 
Measured (avg.) 0 - -5.3 -7 -3.5 -2 0 -3.7 -7 -12.5 -9 -4.3 0 
Measured  (ctr.) 0 - -7 -8 -3 -2 0 -3 -8 - -9 -3 0 
Predicted 0 -0.5 -3.1 -5.4 -3.1 -1.34 0 1.8 -2.0 -10 -9.6 -6 0 
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Table 6.16 Summary of measured and predicted deflections for beams at Level 4 (Stage 1) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
40 
Measured (avg.) 0 1.3 - -1 0.7 2 0 1 -0.5 -4.7 -2.3 -0.3 0 
Measured  (ctr.) 0 0 - 0 0 0 0 1 -1 -5 -2 0 0 
Predicted 0 -0.8 0.3 2.7 4 3.1 0 1.1 0.6 -2.8 -3.8 -2.6 0 
Along 
Grid B 
40 
Measured (avg.) 0 -2 -3 -3 -2.3 -1.3 0 -5 -6 -10.7 -7.7 -3.7 0 
Measured   ctr.) 0 -2 -3 - -2 -2 0 -2 -7 -11 -7 -4 0 
Predicted 0 1 3.1 3.7 2.7 2.9 0 -2 -7 -14.5 -12 -6.5 0 
Along 
Grid C 
40 
Measured (avg.) 0 - -6.3 -7.3 -3 -3 0 -3 -4.5 -8 -5.7 -3.7 0 
Measured  (ctr.) 0 - -6 -8 - -4 0 -3 -4 - -6 -3 0 
Predicted 0 -2.5 -6 -6 -2.6 -0.7 0 0 1.0 -1 -1.6 -1.0 0 
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Table 6.17 Summary of measured and predicted deflections for beams at Level 5 (Stage 1) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
46 
Measured (avg.) 0 2.5 3 2.7 1 1.5 0 2 1 -1.7 -1.7 0.33 0 
Measured  (ctr.) 0 2 3 3 0 0 0 1 0 -2 -1 1 0 
Predicted 0 1.7 4.3 6.3 6.3 4.0 0 1.1 0.6 -2.8 -3.8 -2.6 0 
Along 
Grid B 
46 
Measured (avg.) 0 - 0 1 -3 -3.3 0 -3.7 -4.3 -6 -4.5 -3.5 0 
Measured  (ctr.) 0 - 0 -1 -3 -3 0 -3 -5 -7 -5 -4 0 
Predicted 0 1 3.1 3.7 2.7 2.9 0 -2 -7 -14.5 -12 -6.5 0 
Along 
Grid C 
46 
Measured (avg.) 0 - -4.3 -5 -5 -4 0 -3.3 -4.7 -6 -4 -6 0 
Measured   ctr.) 0 - -4 -6 -5 -4 0 -4 -5 -6 -5 - 0 
Predicted 0 -2.5 -6 -6 -2.6 -0.7 0 0 1.0 -1 -1.6 -1.0 0 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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  (c)  Deflection versus distance from grid 4 for beam along grid C 
Figure 6.24 Deflection versus distance for beams at Level 1 (Stage 1) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
Figure 6.25 Deflection versus distance for beams at Level 2 (Stage 1) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
Figure 6.26 Deflection versus distance for beams at Level 4 (Stage 1) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c) Deflection versus distance from grid 4 for beam along grid C 
 
Figure 6.27 Deflection versus distance for beams at Level 5 (Stage 1) 
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Under Stage 1 loadings some of the beams are cracked over the support at grid 5 and these 
beams are given in Table 6.18.  
 
Table 6.18 Details of cracked beams under stage 1 loading 
Level Beam 
1 Beams along grid A, B and C 
2 Beams along grid A, B and C 
4 and 5 Beams along grid A 
 
Consider the beams along grid C at Level 1 and along grid B at Levels 4 and 5 spanning 
between grid 4 and 5. Here the measured deflection is downward while the predicted 
deflection is upward. From Table 6.19 it can be seen the computed balance load in these 
beams is greater than the applied external load. As a result, theoretically the beam deflects 
upward. The measured downward deflections may be due to the actual constructed tendon 
profile along these parts of the beam may be different to the tendon profile given in the 
drawings. The balance load of an end span is computed (Warner, 1998; Gilbert, 1990) as 
given below (refer to Figure 6.28) and Table 6.19 compares the balance load and applied 
load of beams at each level for each load stage. 
 
 
 
Figure 6.28 Tendon profile of an end span 
 
 
L/2 L/2 
eM 
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 191
Balance load (wbl) for an end span is given as: 
 
2
2
8
L
eeP
w
B
M
bl
⎟⎠
⎞⎜⎝
⎛ +
=                  (6.5) 
 
where P is the prestressing force and L is the length of the span. 
 
Table 6.19 Summary of the balance load and the applied load of the beams 
at Levels 2, 4, 5 and 11 
Level 
Load type 
(KN/m) 
Beam along grid A Beam along grid B 
Beam along grid 
C 
grid 4 to 
5 
Grid 5 to 
6 
grid 4 to 
5 
Grid 5 to 
6 
grid 4 
to 5 
Grid 5 
to 6 
2 
Balance 15 23 25 35 22 35 
Applied (stage 1) 43 43 80 80 78 78 
Applied (stage 2) 33 33 55 55 55 55 
4 and 5 
Balance 47 37 104 55 68 80 
Applied  (stage 1) 48 48 93 93 91 91 
Applied (stage 2) 35 35 68 68 68 68 
11 
Balance 37 38.5 98 41 57 75 
Applied (stage 2) 40.5 40.5 78 78 78 78 
  
In Level 1, the difference between measured maximum centre deflection and predicted 
maximum deflection is within ±20 percent in all beams, with the exception of the beam 
along grid C spanning between grid 4 and 5. In Levels 2, 4 and 5, the difference between 
measured maximum centre deflection and predicted deflection is more than ±20 percent.  
This indicates that when the concrete floor is subjected to construction loads due to 
propping of the above floors, the measured deflections can differ significantly from the 
predicted deflections. The reasons for this difference may be that the actual construction 
load is different to the assumed load which is used to predict the deflections, and the 
constructed tendon profile may be different to the profile given in the drawings. 
 
Table 6.20 shows the maximum measured deflection along beams at Levels 4 and 5. For 
beams with similar geometric and steel quantities, the measured deflections are not equal. 
This may be due to variations in the actual site laying of tendons along the beams, different 
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properties of concrete such as compressive strength, modulus of elasticity, shrinkage and 
creep and different loads applied due to propping of the above floors. 
 
Table 6.20 Maximum measured deflection along beams at Level 4 and 5  
Beam 
Maximum Deflection (mm) 
Level 4 (at 40 days) Level 5 (at 46 days) 
 Grid 4 to 5 Grid 5 to 6 Grid 4 to 5 Grid 5 to 6 
Along Grid A -2 -7 5 -4 
Along Grid B -4 -11 -5 -7 
Along Grid C -8 -8 -7 -7 
 
Table 6.21 to Table 6.24 compare predicted long-term deflections with measured 
deflections along beams for Levels 2, 4 and 5 under Stage 2 loadings. Figure 6.29 to 6.32 
present the measured and predicted deflection variation along the beam for Stage 2 
loadings. 
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Table 6.21 Summary of measured and predicted deflections for beams at Level 2(Stage 2)  
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
87 
Measured (avg.) 0 0.33 -0.33 -0.7 1.33 2.7 0 1.7 0 -1.33 -1 1 0 
Measured  (ctr.) 0 0 0 0 2 3 0 2 0 -1 0 2 0 
Predicted 0 -.2 -1.6 -2.2 -.9 -.2 0 -.2 -2 -4.6 -3.7 -1.96 0 
413 
Measured (avg) 0 5.7 4 1.7 2.5 4.7 0 2.5 3.5 0.5 1.33 5 0 
Measured  (ctr.) 0 5 6 3 4 6 0 5 3 2 2 - 0 
Predicted 0 -.62 -2.8 -3.5 -1.3 -.26 0 -0.3 -3.54 -7.6 -6.0 -3.32 0 
Along 
Grid B 
87 
Measured (avg.) 0 0 -3.7 -5.5 -2.33 -1.33 0 -2 -5.33 -8.77 -8 -4 0 
Measured   ctr.) 0 2 -4 -5 -3 -2 0 -2 -6 -8 -7 - 0 
Predicted 0 -0.5 -2.2 -2.2 -0.4 0.19 0 -0.5 -3.2 -7.5 -6.0 -3.2 0 
413 
Measured (avg.) 0 0.67 -2.33 -5.5 -2.66 -1.67 0 -2.33 -6 -9.67 -8.5 -4.5 0 
Measured(ctr.).) 0 4 -3 -4 -3 -2 0 -2 -7 -9 -8 -6 0 
Predicted 0 -0.72 -3.2 -3.1 -0.5 0.33 0 -0.6 -5.4 -11.4 -9.1 -5.0 0 
Along 
Grid C 
87 
Measured (avg.) 0 - -3 -4.66 -3 -2 0 -3.67 -7 -11 -7.67 -4 0 
Measured  (ctr.) 0 - -3 -4 -2 -2 0 -4 -8 -11 -8 -2 0 
Predicted 0 -0.26 -2.2 -2.7 -0.95 -0.14 0 -0.46 -3.0 -6.9 -5.6 -3.0 0 
413 
Measured (avg.) 0 - -1 -4.33 -3.67 -3 0 -4.67 -7.33 -11.5 -8.67 -4.5 0 
Measured  (ctr.) 0 - -2 -4 -3 -3 0 -5 -7 -11 -9 -4 0 
Predicted 0 -0.11 -2.5 -4.0 -1.1 -0.6 0 -0.5 -5.3 -11.0 -9 -4.8 0 
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Table 6.22 Summary of measured and predicted deflections for beams at Level 4 (Stage 2) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
105 
Measured (avg.) 0 3.33 3 3 2.33 1.33 0 1.67 0.66 -0.66 0 1.67 0 
Measured   (ctr.) 0 3 3 3 2 2 0 2 1 0 1 2 0 
Predicted 0 3.3 7.0 9.8 7.6 4.3 0 1.1 3.8 3.0 1.0 0.43 0 
165 
Measured (avg.) 0 3.3 2.7 3.33 2.67 1 0 2 1 0 1 2.67 0 
Measured   (ctr.) 0 3 3 3 3 2 0 3 1 1 1 2 0 
Predicted 0 1.1 6.0 10.5 8.6 5.1 0 2.0 4.5 3.2 0.9 0.45 0 
Along 
Grid B 
105 
Measured (avg.) 0 -3 -3.5 -3.33 -4.7 -4.7 0 -6 -7 -10.7 -9.33 -5.67 0 
Measured   (ctr.) 0 -3 -3 -4 -5 -5 0 -5 -8 -11 -9 -6 0 
Predicted 0 1.5 6.7 10.2 7.5 4.3 0 -1.5 -5.5 -9.4 -7.2 -4.0 0 
165 
Measured (avg.) 0 -5 -4 -3.7 -4.7 -5.67 0 -6.5 -7 -10.7 -8.33 -5.33 0 
Measured   (ctr.) 0 -5 -4 -4 -5 -6 0 -6 -8 -11 -8 -6 0 
Predicted 0 2.0 7.2 11.3 8.5 4.7 0 -1.5 -6.9 -11.8 -8.9 -5.3 0 
Along 
Grid C 
105 
Measured (avg.) 0 - -7.67 -9.33 -7.66 -6.66 0 -7 -6.5 -8.33 -7.33 -5.33 0 
Measured   (ctr.) 0 - -8 -9 -8 -7 0 -10 -6 -8 -8 -5 0 
Predicted 0 -4.96 -9.1 -9.4 -5.4 -2.9 0 1.3 3.7 4.0 2.1 1.0 0 
165 
Measured (avg.) 0 - -9 -10.33 -8.33 -7.5 0 -7 -6.5 -9 -7 -5.66 0 
Measured   (ctr.) 0 - -10 -11 -9 -6 0 -6 -6 -9 -8 -5 0 
Predicted 0 -6.2 -11 -11.5 -7.0 -3.6 0 1.5 4.1 4.3 1.5 0.53 0 
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Table 6.23 Summary of measured and predicted deflections for beams at Level 5 (Stage 2) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
91 
Measured (avg.) 0 3.33 4 4 .67 .67 0 -0.5 -0.33 -0.67 -0.67 0.67 0 
Measured   (ctr.) 0 3 5 4 1 1 0 - - -1 - 1 0 
Predicted 0 3.3 7.0 9.8 7.6 4.3 0 1.1 3.8 3.0 1.0 0.43 0 
189 
Measured (avg.) 0 - 5 4 4 0.67 0 - 0.5 0.5 -0.67 2 0 
Measured  (ctr.) 0 - 7 4 - 4 0 - 3 2 1 4 0 
Predicted 0 1.1 6.0 10.5 8.6 5.1 0 2.0 4.5 3.2 0.9 0.45 0 
Along 
Grid B 
91 
Measured (avg.) 0 -1.67 -1.67 -4 -5.33 -5 0 -7 -7.33 -8 -7.33 -4.67 0 
Measured   (ctr.) 0 -1 -1 -3 -5 - 0 - -8 -9 -8 -5 0 
Predicted 0 1.5 6.7 10.2 7.5 4.3 0 -1.5 -5.5 -9.4 -7.2 -4.0 0 
189 
Measured (avg.) 0 -1 -1 -3.5 -5 -6 0 -6.33 -6.67 -7.67 -7 -5.33 0 
Measured  (ctr.) 0 -1 -1 -2 -5 - 0 -6 -7 -8 -7 -6 0 
Predicted 0 2.0 7.2 11.3 8.5 4.7 0 -1.5 -6.9 -11.8 -8.9 -5.3 0 
Along 
Grid C 
91 
Measured (avg.) 0 - -6.33 -8 -7.7 -7.67 0 -6.33 -8.33 -9 -5.33 -5.67 0 
Measured   (ctr.) 0 - -6 -9 -8 -8 0 -7 -9 -9 -6 -5 0 
Predicted 0 -4.96 -9.1 -9.4 -5.4 -2.9 0 1.3 3.7 4.0 2.1 1.0 0 
189 
Measured (avg.) 0 - -7 -8 -8.67 -7.67 0 -6.67 -8.33 -8.33 -6 -4 0 
Measured   (ctr.) 0 - -7 -9 -9 -8 0 -7 -9 -9 -7 -5 0 
Predicted 0 -6.2 -11 -11.5 -7.0 -3.6 0 1.5 4.1 4.3 1.5 0.53 0 
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Table 6.24 Summary of measured and predicted deflections for Beams at Level 11 (Stage 2) 
Beam 
Time 
(days) 
 
Deflection (mm) 
Beam Between Grid 4 and 5 Beam between Grid 5 and 6 
Distance from Grid 4 (mm) 
0 0.6 2.4 4.8 7.2 8.4 9.6 10.5 12.6 15.6 18.6 20.0 21.6 
Along 
Grid A 
81 
Measured (avg.) 0 2 2 2 0 2 0 2 1.5 0 1.5 1 0 
Measured  (ctr.) 0 2 - - - 2 0 1 2 - 2 1 0 
Predicted 0 1.2 3.5 5.6 4.1 2.3 0 1.0 3.5 3.7 1.0 0.27 0 
304 
Measured (avg.) 0 - -2 -1 -5 -0.5 0 -3 -2.5 -6 -3.5 -2.5 0 
Measured  (ctr.) 0 - - - - 1 0 -2 -2 - -2 -2 0 
Predicted 0 1.6 4.4 6.5 4.9 2.7 0 1.2 3.2 2.6 0.3 0.2 0 
Along 
Grid B 
81 
Measured (avg.) 0 2 1 1 1 1 0 1 1 0 2 1.5 0 
Measured  (ctr.) 0 2 1 1 - 1 0 1 - - - 2 0 
Predicted 0 2.5 5.0 8.5 6.6 3.8 0 -2.5 -10.0 -16.6 -11 -7 0 
304 
Measured (avg.) 0 -2 -2.7 -3 -3 -1.5 0 -2 -3 - -4 -2.7 0 
Measured  (ctr.) 0 - -2 -1 - - 0 -1 - - - -3 0 
Predicted 0 2.7 6.8 9.9 8.1 4.7 0 -3.5 -13 -22.5 -15.2 -9.0 0 
Along 
Grid C 
81 
Measured (avg.) 0 - -2.3 -1.5 -1 -0.33 0 -0.7 -1 1 1.5 0 0 
Measured  (ctr.) 0 - -2 - 1 -1 0 0 -1 0 0 - 0 
Predicted 0 -2.3 -4.4 -4.3 -1.65 -0.41 0 1.0 2.4 1.7 0.8 0.6 0 
304 
Measured (avg.) 0 - - -3 -4 -2.66 0 -2 -3.5 -4 -3 -3 0 
Measured  (ctr.) 0 - - - -3 -2 0 -2 -4 -4 -4 -3 0 
Predicted 0 -3.4 -6.0 -5.8 -2.0 -0.38 0 0.1 0.03 -0.5 -0.91 -0.67 0 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
 
Figure 6.29 Deflection versus distance for beams at Level 2 (Stage 2) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
Figure 6.30 Deflection versus distance for beams at Level 4 (Stage 2) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
-15
-10
-5
0
5
10
15
0 5 10 15 20
Distance from grid 4
D
ef
le
ct
io
n 
(m
m
)
Time=91days, measured(avg)
Time=91, predicted
Time=189, measured (avg)
Time=189, predicted
Time=189, measured (ctr)
 
(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
 
Figure 6.31 Deflection versus distance for beams at Level 5 (Stage 2) 
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(a)  Deflection versus distance from grid 4 for beam along grid A 
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(b)  Deflection versus distance from grid 4 for beam along grid B 
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(c)  Deflection versus distance from grid 4 for beam along grid C 
Figure 6.32 Deflection versus distance for beams at Level 11 (Stage 2) 
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Table 6.25 gives the details of beams with upward predicted deflection while the 
measured deflection is downward. Theoretically it can be proved that the predicted 
deflection of these beams should be upward by comparing the balance load due to 
prestress with the applied load due to self-weight and the construction load. If the 
balance load is greater than the externally applied load, then the beam is subjected to a 
load acting upwards, causing upward or positive deflection. It can be seen from Table 
6.19, that for the beams given in Table 6.25, the balance load computed using the data 
given in the drawings is more than the applied load. Therefore the predicted deflection 
is upward or positive. The measured negative long-term deflections for the beams 
given in Table 6.25 may be due to the actual constructed tendon profile along the 
beams being different to the tendon profile given in the drawings. That is the actual 
constructed eccentricities along the beams may be less than the eccentricities given in 
the drawings. From Figures 6.29 to 6.32 and Table 6.21 to Table 6.24, it can be 
observed that in most of the beams the difference between measured maximum centre 
deflection and predicted maximum deflection is within ±30 percent except for the 
beams given in Table 6.25.  
 
Table 6.25 Details of beams with positive predicted and negative measured 
deflections 
Level Beam Span details 
4 and 5 Along grid B Between grid 4 and 5 
Along grid C Between grid 5 and 6 
 
 
In the construction site environment, when the concrete floors are subjected to 
construction loads, the measured deflection may differ from the predicted deflections, 
unlike a specimen tested in a laboratory where the magnitude and the position of the 
applied load, steel configuration, concrete properties and the environmental conditions 
such as temperature and the relative humidity can be controlled. The difference 
between predicted and measured deflections of post-tensioned beams may be due to 
the unpredictability of construction loads, variations in the tendon profile, curing 
conditions and changes in the weather.  
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6.9.3 Details of the Slab at each Monitored Floor Level 
 
Details of post-tensioned slabs at each monitored floor level are given in Table 6.26. 
The slab tendon profile varies between band-beams as shown in Figures 6.16 to 6.19. 
Concrete material data is obtained from the concrete test results for all monitored 
levels except Level 4 and results are presented in Section 6.7. 
 
Table 6.26 Slab details of monitored levels 
Floor 
level 
Slab 
between 
grid 
D (mm) No. of 
tendons 
No. of 
strands 
per 
tendon 
Ap 
(mm2) fc’ 
(MPa) 
fct’ 
(MPa) 
Ec 
(MPa) 
Grid 
A to 
B 
Grid 
B to 
C 
Grid 
C to 
D 
1 
4 to 5 180 160 160 6 4 2400 38 4.75 28935 
5 to 6 180 160 160 8 4 3200 38 4.75 28935 
2 
4 to 5 180 160 160 6 4 2400 37 4.6 27284 
5 to 6 180 160 160 8 4 3200 37 4.6 27284 
4  
4 to 5 200 180 180 8 5 4000 38 3.7 31165 
5 to 6 200 180 180 10 5 5000 38 3.7 31165 
5 
4 to 5 200 180 180 8 5 4000 36 4.6 32796 
5 to 6 200 180 180 10 5 5000 36 4.6 32796 
11 
4 to 5 280 200 300 9 5 4500 35 4.5 31166 
5 to 6 280 200 180 10 4 4000 35 4.5 31166 
 
Loading details are given in Section 6.9.1. 
 
6.9.4 Monitored Slab Deflection Variation with Time   
 
In this section, the monitored deflection variation with time for the post-tensioned slab 
at Levels 2, 4, 5 and 11 along grids 4b and 5b (refer to Figure 6.33) is presented. The 
slab is supported by band beams, therefore the center measurement of the band beam 
has been considered.  Tables 6.27 to Table 6.30 give the surveyed displacements at 
each location along grids 4b and 5b. It can be seen there are displacements at the 
supports of the slab i.e. at points 89, 93 and 97 along grid 4b and at points 29, 33 and 
37 along grid 5b. This is due to the deflection at band beams which in turn supports 
the slab at these locations.  
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Figure 6.33 Monitored locations along grid 4b and 5b 
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(a) Plan of the monitored area with grid 4b and 5b 
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29 31 33 35 37 
(b) Slab along grid 4b with monitored locations 
(c) Slab along grid 5b with monitored locations 
A
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Table 6.27 Surveyed slab displacements along grid 4b and 5b at Level 2 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
30/07/2007 0 0 0 0 0 0 0 0 0 0 0 
13/08/2007 17 -1 -5 -2 - -2 - -7 -7 -9 - 
05/09/2007 40 -2 -9 -6 - -8 -4 - -7 -14 - 
21/09/2007 56 -2 -7 -5 -9 -5 -3 -6 -9 - -11 
22/10/2007 87 0 -3 -5 -8 -4 -1 -5 -8 - -11 
06/12/2007 132 3 -2 -4 -9 -4 2 -2 -8 - -10 
04/02/2008 192 5 -1 -3 -8 -3 4 -1 -7 - -10 
16/04/2008 265 4 -2 -4 -9 -5 4 -2 -9 - -11 
23/05/2008 302 4 -2 -3 -9 - 2 -3 -9 - -11 
12/08/2008 413 3 -2 -4 -9 -4 2 -4 -9 - -11 
06/10/2008 468 - - 0 - -4 - -4 - - -11 
 
Table 6.28 Surveyed slab displacements along grid 4b and 5b at Level 4 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
24/08/2007 0 0 0 0 0 0 0 0 0 0 0 
05/09/2007 12 1 1 0 0 -2 - 2 -2 1 0 
02/10/2007 39 0 -3 - 0 -8 -5 -9 -11 -8 - 
22/10/2007 59 2 -1 -3 1 -7 -2 -6 -9 -6 -5 
06/12/2007 103 3 -2 -4 0 -9 0 -7 -11 -8 -8 
04/02/2008 163 3 -1 -4 -1 -11 1 -6 -11 -8 - 
16/04/2008 234 - - - - -12 - - - 0 -9 
 
Table 6.29 Surveyed slab displacements along grid 4b and 5b at Level 5 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
07/09/2007 0 0 0 0 0 0 0 0 0 0 0 
02/10/2007 25 1 0 -1 -1 -5 -4 -5 -7 -5 -6 
22/10/2007 45 3 -1 -1 -2 -6 -2 -4 -7 -5 -6 
06/12/2007 89 4 -2 -3 -5 -9 -1 -5 -9 -9 -9 
04/02/2008 149 7 0 -3 -5 -8 1 -4 -9 -9 -10 
14/03/2008 187 4 -1 -2 -5 -9 2 -4 -8 -8 -9 
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Table 6.30 Surveyed slab displacements along grid 4b and 5b at Level 11 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
30/11/2007 0 0 0 0 0 0 - 0 0 0 0 
12/12/2007 12 - -1 - 1 1 - -3 -1 0 0 
04/02/2008 65 - 3 1 2 - - -2 - - 0 
16/04/2008 136 - 0 0 - - - -5 - - -2 
02/06/2008 184 - -2 0 1 - - -6 - - - 
12/08/2008 255 - -3 -2 0 - - -8 - - -4 
15/09/2008 287 - -4 -1 0 -  -8 - - -4 
 
The measured displacements of slab at Level 2 at location 91 on 13/8/2007 and at 
location 95 on 21/09/2007 are shown in Figure 6.34. The actual slab deflections at 
these locations are computed by assuming zero displacements at support band beams. 
 
Figure 6.34   Locations with displacements at Level 2 
 
The actual deflection at location 91 on 13/08/2007 = -5 + 1 + ((2-1)/2) = -3.5 mm 
The actual deflection at location 95 on 21/09/2007 = -9 + 5 = -4.0 mm 
 
Tables 6.31 to Table 6.33 give the actual slab deflection variation with time along grid 
4b and 5b at Levels 2, 4 and 5 respectively, computed by applying the above method. 
The actual slab deflection for Level 11 is not presented as most of the measured 
displacements along grid 4b and 5b are not available.  
 
 
89 91 93 93 95 97 
8400 mm 8400 mm 
-1 mm 
-5 
-2 
-5 
-9 mm 
-5 
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Table 6.31 Actual slab deflections along grid 4b and 5b at Level 2 
Surveyed 
Date 
Time 
(days) 
Actual Deflection (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
30/07/2007 0 0 0 0 0 0 0 0 0 0 0 
13/08/2007 17 0 -3.5 0 - 0 0 - 0  0 
05/09/2007 40 0 -5.0 0 - 0 0 - 0  0 
21/09/2007 56 0 -3.5 0 -4.0 0 0 0 0 - 0 
22/10/2007 87 0 -0.5 0 -3.5 0 0 -0.5 0 - 0 
06/12/2007 132 0 -1.5 0 -5.0 0 0 1.0 0 - 0 
04/02/2008 192 0 -2.0 0 -5.0 0 0 0.5 0 - 0 
16/04/2008 265 0 -4.0 0 -4.5 0 0 0.5 0 - 0 
23/05/2008 302 0 -2.5 0 - 0 0 0.5 0 - 0 
12/08/2008 413 0 -1.5 0 -5.0 0 0 -0.5 0 - 0 
06/10/2008 468 0 - 0 - 0 0 - 0 - 0 
 
Table 6.32 Actual slab deflections along grid 4b and 5b at Level 4 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
24/08/2007 0 0 0 0 0 0 0 0 0 0 0 
05/09/2007 12 0 0.5 0 1 0 0 - 0 2 0 
02/10/2007 39 0 - 0 - 0 0 -1 0 - 0 
22/10/2007 59 0 -0.5 0 6 0 0 -0.5 0 1 0 
06/12/2007 103 0 -1.5 0 6.5 0 0 -1.5 0 1.5 0 
04/02/2008 163 0 -0.5 0 6.5 0 0 -1.0 0 - 0 
16/04/2008 234 0 - 0 - 0 0 - 0 - 0 
 
Table 6.33 Actual slab deflections along grid 4b and 5b at Level 5 
Surveyed 
Date 
Time 
(days) 
Slab displacement (mm) 
Along grid 4b Along grid 5b 
89 91 93 95 97 29 31 33 35 37 
07/09/2007 0 0 0 0 0 0 0 0 0 0 0 
02/10/2007 25 0 0 0 0 0 0 0.5 0 1.5 0 
22/10/2007 45 0 -2.0 0 1.5 0 0 0.5 0 0.5 0 
06/12/2007 89 0 -2.5 0 1.0 0 0 0.0 0 0 0 
04/02/2008 149 0 -2.0 0 0.5 0 0 0.0 0 0.5 0 
14/03/2008 187 0 -2.0 0 0.5 0 0 -1.0 0 0.5 0 
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From Table 6.31 to Table 6.33 it can be seen the deflection in slabs are negligible 
compared to the span of the slab i.e. 8.4m. 
 
A comparison between the monitored and predicted long-term deflections of the post-
tensioned slabs at each monitored level was not carried out. In the monitored office 
building, the floors are constructed of one-way spanning slabs supported by band 
beams. Therefore the slab depth varies between supports as shown in Figure 6.35. 
 
Figure 6.35   Elevation of band-beam slab floor 
 
Additional moments are formed due to changes of slab depth and prestress force in 
between supports, as shown in Figure 6.36(a) (Warner, 1998). The analytical model 
developed for continuous members is restricted to the analysis of members with 
constant depth between supports and subjected to uniformly-distributed load. The 
depth of monitored slabs varies between supports and additional moments are formed 
due to depth variation, as shown in Figure 6.36(b). For this reason, the comparion was 
not carried out for slab measurement data. 
 
A B C
8400 mm 8400 mm 
2400 mm 1800 mm 2400 mm 
Band beams Tendon Profile 
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Figure 6.36   Effect of change of slab depth and load diagram 
 
6.10 SUMMARY 
 
Deflections of post-tensioned floors of a multi-level office building were monitored 
from the commencement of the construction to the completion of the building. In this 
chapter a description of the building layout, structural details, survey results and 
results of concrete testing have been presented and a comparison performed between 
measured and predicted deflections of post-tensioned beams using the analytical 
model.  
 
For the comparison, two loading stages are considered. Stage one is when the floor is 
supporting the floors above and therefore is subjected to a maximum construction 
load. The second stage is after removal of the above floor supports and when 
subjected to a nominal construction load.  In the construction site environment, when 
the concrete floors are subjected to maximum construction loads the measured 
deflection can be different to the predicted deflections for various reasons such as, the 
P 
P 
P 
P
Md=P.ed 
.ed 
Md=P.ed 
Md=P.ed Md=P.ed 
A B C
Md=P.ed Md=P.ed 
w 
(a) Effect of change of slab depth 
(b) Additional Moments due to change of slab depth and applied loads 
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constructed tendon profile may be different to the profile used in the prediction model, 
the unpredictability of construction loads, curing conditions and the weather. 
However, under nominal construction loads the difference between measured 
maximum centre deflection and predicted maximum deflection is within ±30 percent 
in most beams and therefore in reasonable agreement between measured and predicted 
deflections.  
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      CHAPTER 7 
 
PARAMETRIC STUDY OF DEFORMATIONS OF 
PRESTRESSED CONCRETE FLEXURAL MEMBERS 
 
7.1 INTRODUCTION 
 
Deformation of flexural members subjected to sustained load may be affected by 
many factors such as concrete compressive strength, concrete modulus of elasticity, 
quantity of reinforcement in the member, bond-slip relationship between concrete and 
steel, geometric properties of the member, loading history and the magnitude of 
shrinkage and creep. A parametric study has been carried out using the analytical 
model developed in Chapter 3, to investigate the effect of the above factors on the 
long-term deformations of flexural members. Details and results of the parametric 
study are presented in this chapter. 
  
7.2 DETAILS OF PARAMETRIC STUDY 
 
The parametric study will investigate the influence of both material and geometric 
properties on the behaviour of long-term deflection and local deformation. The 
material properties varied in the study include concrete material properties such as 
concrete compressive strength, elastic modulus, creep and shrinkage, and bond 
properties such as the maximum bond strength of reinforcement and prestressing steel. 
The influence of concrete properties on long-term deflections is investigated by using 
a post-tensioned simply-supported band beam. The details of the beam are shown in 
Figure 7.1. The beam is subjected to a uniformly distributed load at 14 days and 
suspended for 1000 days. Shrinkage is assumed to commence at age 14 days. Three 
load conditions which cause mid-span moments equal to 30 percent, 50 percent and 
70 percent of the theoretical moment capacity of the member are considered. Three 
concrete compressive strengths are considered: 32 MPa, 40 MPa and 50 MPa. In this 
study to investigate the influence of concrete properties, concrete modulus of 
elasticity is varied by ±20 percent, and final drying basic shrinkage strain and basic 
creep coefficient are varied by ±30 percent and ±40 percent respectively. The 
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parametric study is conducted using the equations given in AS3600 (2009) for 
modulus of elasticity of concrete, final drying basic shrinkage strain and basic creep 
coefficient as the median value. The upper and lower limits of these parameters are 
derived by multiplying this median value by the percentages given above. Table 7.1 
gives the median values obtained from AS3600 (2009) and the upper and lower limits 
for each concrete property considered. Time-dependent curves for concrete shrinkage 
and creep were taken from AS3600 (2009) models.  
 
Material Properties: fsy = 500 MPa ; fsu = 650 MPa; εsu = 0.05; Es = 200,000 MPa ; 
fpy  = 1,564 MPa; fpu  = 1,840 MPa; εpu = 0.05; Ep = 195,000 MPa; 
 
 
Figure 7.1  Details of the beam for the parametric study of concrete properties
10000 mm 
w (kN/m) 
500 mm 
6N16  
8N24  30/12.7 mm 
strands 2400 mm 
(a) Beam elevation
(b) Section A-A
A 
A 
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Table 7.1 Concrete Properties 
where fcm is the mean in-situ compressive strength of concrete and f’c is the compressive strength of 
concrete. 
 
To investigate the effect of geometric properties of prestressed flexural members on 
the long-term deflection, various slenderness ratios, tensile and compressive 
reinforcement quantities have been considered. In this investigation the beam is 
subjected to a uniformly-distributed load at 14 days and suspended for 1000 days. 
Shrinkage is assumed to commence at age 14 days. Three load conditions which cause 
mid-span moments equal to 30 percent, 50 percent and 80 percent of the theoretical 
moment capacity of the beam are considered. The effects due to variation of 
slenderness ratios are investigated by considering slenderness ratios of 20 and 30 and 
adopting an overall depth of 300mm and 500mm, as shown in Figure 7.2 and given in 
Table 7.2 for prestressing steel percentages of 0.2 and 0.4 and reinforcement 
percentages of 0.3. The concrete compressive strength, final drying basic shrinkage 
strain and basic creep coefficient have been kept constant to 40 MPa, 900x10-6 and 2.8 
respectively.  
 
 
 
Concrete Property 
Median value from AS3600 
(2009) 
Upper and lower 
limits 
Modulus of elasticity (Ec) ( ) ( )cmc fE 043.05.1ρ=  Upper Ec+20%Ec Lower Ec-20%Ec 
Final drying basic shrinkage 
strain * .bcsdε  900 x 10
-6 
Upper 1170 x 10-6 
Lower 630 x 10-6 
Basic creep coefficient ( bcc.φ ) 
f’c = 32 MPa 3.4 
Upper 4.76 
Lower 2.0 
f’c = 40 MPa 2.8 
Upper 3.9 
Lower 1.7 
f’c = 50 MPa 2.4 
Upper 3.4 
Lower 1.4 
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 Figure 7.2   Details of the beam used for the parametric study of geometric 
properties 
 
Table 7.2 Slenderness ratio 
Slenderness 
ratio(L/D) 
Depth 
(D) 
(mm) 
Width 
(B) 
(mm) 
Length(L) 
(mm) 
 
DB
Ap
p .
=ρ  
DB
Ast
st .
=ρ  Asc 
(mm2) 
20 300 2400 6000 0.2% 0.3% 1206 
30 300 2400 9000 0.2% 0.3% 1206
20 500 2400 10000 0.2% 0.3% 1206
30 500 2400 15000 0.2% 0.3% 1206
20 300 2400 6000 0.4% 0.3% 1206
30 300 2400 9000 0.4% 0.3% 1206
20 500 2400 10000 0.4% 0.3% 1206
30 500 2400 15000 0.4% 0.3% 1206
  
To investigate the influence of tensile reinforcement quantity on the long-term 
deflection and other local deformations of prestressed flexural members, tensile 
reinforcement percentages are varied by 0, 0.3, 0.6 1.0 percent. The details of the 
beams are given in Table 7.3 and Figure 7.2. The long-term deflections at mid-span 
are computed for various uniformly-distributed loads which cause maximum mid-
span moments of 30, 50 and 80 percent of the moment capacity of the beam when 
reinforced only with prestressing steel area of 0.2 or 0.4 percent. The concrete 
compressive strength, final drying basic shrinkage strain and basic creep coefficient 
have been kept constant to 40MPa, 900x10-6 and 2.8 respectively. 
D=300 
or 500 
mm 
L= mm 
6N16  
B=2400mm 
ρp  ρst 
w (kN/m) 
(a) Section details (b) Beam elevation 
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To investigate the influence of compressive reinforcement quantity on the long-term 
deflection and other local deformations of prestressed flexural members, compressive 
reinforcement percentages are varied by 0.0, 0.1 and 0.3 percent. The details of the 
beams are given in Table 7.4. Three load conditions which cause mid-span moments 
of 30 percent, 50 percent and 70 percent of the moment capacity (Mu) of the beam 
with 0.0 percent of compression reinforcement (ρsc) are considered. The concrete 
compressive strength, final drying basic shrinkage strain and basic creep coefficient 
have been kept constant to 40MPa, 900x10-6 and 2.8 respectively. Throughtout the 
parametric study the initial crack spacing is assumed as equal to the depth of the 
beam. 
 
Table 7.4   Quantity of compressive reinforcement  
DB
Ast
sc .
=ρ  
DB
Ast
st .
=ρ  
DB
Ap
p .
=ρ  Slenderness 
ratio(L/D) 
Depth 
(D) 
(mm) 
Width 
(B) 
(mm) 
Length(L) 
(mm) 
 
0.0% 0.3% 0.2% 20 500 2400 10000 
0.1% 0.3% 0.2% 20 500 2400 10000 
0.3% 0.3% 0.2% 20 500 2400 10000 
 
7.3 EFFECTS OF MATERIAL PROPERTIES ON DEFLECTION 
 
This section investigates the influence of concrete properties and steel bond properties 
on long-term deflection. The concrete properties of compressive strength, modulus of 
Table 7.3   Quantity of tensile reinforcement  
DB
Ast
st .
=ρ  
DB
Ap
p .
=ρ  Slenderness 
ratio(L/D) 
Depth 
(D) 
(mm) 
Width 
(B) 
(mm) 
Length(L) 
(mm) 
 
Asc 
(mm2) 
0.0% 0.4% 30 300 2400 9000 1206 
0.3% 0.4% 30 300 2400 9000 1206
0.6% 0.4% 30 300 2400 9000 1206
1.0% 0.4% 30 300 2400 9000 1206
0.0% 0.2% 20 500 2400 10000 1206
0.3% 0.2% 20 500 2400 10000 1206
0.6% 0.2% 20 500 2400 10000 1206
1.0% 0.2% 20 500 2400 10000 1206
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elasticity, basic drying shrinkage strain and basic creep coefficient have been 
considered. 
 
7.3.1 Concrete Compressive Strength 
 
The following section investigates the influence of concrete compressive strength on 
long-term deflection considering three alternative compressive strengths of 32 MPa, 
40 MPa and 50 MPa. The basic drying shrinkage strain is assumed as 900x10-6. For 
each of the concrete compressive strengths, the basic creep coefficient and modulus of 
elasticity are computed as given in Table 7.1. Three load conditions which cause mid-
span moments of 30 percent, 50 percent and 70 percent of the theoretical moment 
capacity of the beam are considered. Geometric properties of the beam, and steel 
quantities are shown in Figure 7.1 and the suspended load is kept constant. The 
influence of the concrete compressive strength on the long-term deflection of the 
beam using the developed analytical model is shown in Figure 7.3. It can be clearly 
seen that as the concrete compressive strength increases, the long-term deflection 
decreases. This can be attributed to the fact that, as the concrete strength increases, the 
basic creep coefficient decreases and the elastic modulus increases.  
 
Table 7.5 gives the percentage of variation of deflection with reference to 
compressive strength of 40 MPa. As the applied load increases, the effect of 
compressive strength on long-term deflection decreases. 
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Figure 7.3 Influence of the concrete compressive strength on the long-term  
 deflection  
 
Table 7.5   Effect of concrete compressive strength on long-term deflection  
Applied Moment f’c (MPa) 
Long-term deflection 
(mm) 
% of variation of 
deflection with 
reference to f’c=40 
MPa 
30% Mu 
32 -3.68 40 
40 -2.63 0 
50 -2.07 -21 
50% Mu 
32 -22.72 25 
40 -18.11 0 
50 -15.33 -15 
70% Mu 
32 -60.85 19.4 
40 -50.96 0 
50 -44.36 -13 
 
7.3.2 Concrete Modulus of Elasticity 
 
The median values for modulus of elasticity corresponding to concrete compressive 
strengths of 32, 40 and 50 MPa are computed by the equation given in Table 7.1. The 
upper and lower limits of the elastic modulus are taken as +20 percent and -20 percent 
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of the median value. Basic drying shrinkage strain is taken as 900x10-6 and the basic 
creep coefficient corresponding to each of the compressive strength is given in Table 
7.1 and the details of the beam are shown in Figure 7.1. The long-term deflection at 
mid-span is computed for three load conditions which cause mid-span moments of 30 
percent, 50 percent and 70 percent of the theoretical moment capacity of the beam and 
are plotted against the modulus of elasticity, as shown in Figure 7.4.  
 
-80
-70
-60
-50
-40
-30
-20
-10
0
20 30 40
Modulus of Elasticity (GPa)
Lo
ng
-te
rm
 d
ef
le
ct
io
n 
(m
m
) 
 30%Mu
 50%Mu
 70% Mu
 
            (a) f’c = 32 MPa 
-60
-50
-40
-30
-20
-10
0
25 35 45
Modulus of Elasticity (GPa)
Lo
ng
-te
rm
 d
ef
le
ct
io
n 
(m
m
) 
 30%Mu
 50%Mu
 70% Mu
 
(b) f’c = 40 MPa 
 
Figure 7.4 Influence of the modulus of elasticity on long-term deflection for 
concrete compressive strengths of 32 MPa and 40 MPa  
 
Figure 7.4 shows that long-term deflection decreases as the modulus of elasticity 
increases. Table 7.6 gives the percentage of variation of long-term deflection with 
reference to the deflection at median value of modulus of elasticity for the concrete 
compressive strength of 40 MPa. As the applied moment increases, the effect of 
modulus of elasticity on long-term deflection decreases. 
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Table 7.6 Effect of concrete modulus of elasticity on long-term deflection  
Applied Moment Ec (MPa) 
Long-term 
deflection(mm) 
% of variation of 
deflection with 
reference to median 
value 
30% Mu 
26 -3.4 27 
33 -2.6 0 
40 -2.1 -19 
50% Mu 
26 -21.8 20 
33 -18.1 0 
40 -15.4 -15 
70% Mu 
26 -57.1 12 
33 -51.0 0 
40 -46.6 -8 
 
7.3.3 Shrinkage  
 
The median value for final basic drying shrinkage strain * .bcsdε  is taken as 900x10-6 and 
the upper and lower limits are taken as +30 percent and -30 percent of the median 
value. The long-term deflection at mid-span is computed for three different concrete 
compressive strengths of 32 MPa, 40 MPa and 50 MPa and for load conditions which 
cause mid-span moments of 30 percent, 50 percent and 70 percent of the moment 
capacity of the beam. Modulus of elasticity and basic creep coefficient corresponding 
to each concrete compressive strength are computed as given in Table 7.1 and other 
concrete, steel and member geometric properties as shown in Figure 7.1 are kept 
constant. Figure 7.5 shows the variation of deflection with final basic drying 
shrinkage for different compressive strengths. 
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  Figure 7.5 Influence of the final basic drying shrinkage strain on the long-
term deflection for concrete compressive strengths of 32 MPa, 40 
MPa and 50 MPa 
 
From Figure 7.5 and Table 7.7 it can be observed that long-term deflection increases 
by 12 percent as the final basic drying shrinkage increases by 30 percent. It can also 
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be seen from Table 7.7 that, as the applied moment increases, the effect of increase 
in final basic drying shrinkage ( * .bcsdε ) (from 630x10-6 to 1170x10-6) on long-term 
deflection of prestressed concrete flexural members becomes negligible. The reason 
for this is that as the applied load increases, the ratio of design shrinkage strain to 
total top fiber strain (εsh / εco) decreases, as shown in Table 7.8. This indicates that the 
influence of the change in magnitude of shrinkage strain on total top fibre strain (εco) 
is reducing. The rotation (refer to Equation 3.45) and deflections are computed using 
top fiber strain (εco). Hence, as the load increases, the influence of increase in 
shrinkage strain on deflection reduces. Therefore, as the load increases the increase 
in final basic drying shrinkage (from 630x10-6 to 1170x10-6) does not significantly 
influence the long-term deflection of prestressed concrete flexural members. 
 
Table 7.7 Effect of final basic drying shrinkage strain * .bcsdε  on long-term 
deflections ( 'cf =32MPa) 
Applied Moment 
Final drying basic 
shrinkage strain 
x10-6 * .bcsdε  
Long-term deflection 
(mm) 
% of variation of 
deflection with 
reference to median 
value 
30% Mu 
630 -3.25 -12 
900 -3.68 0 
1170 -4.11 12 
50% Mu 
630 -22.32 -2 
900 -22.72 0 
1170 -23.12 2 
70% Mu 
630 -59.78 -2 
900 -60.85 0 
1170 -62.77 3 
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Table 7.8 Variation of εsh / εco with applied moment ( 'cf =32MPa) 
Applied 
Moment 
Final drying 
basic shrinkage 
strain x10-
6 *
.bcsdε  
Total top fiber 
strain at 1000 
days x10-4 εco 
Design shrinkage 
strain at 1000 
days x10-4 εsh 
εsh / εco 
30% Mu 
-630 -6.64 -2.44 0.36 
-900 -7.51 -3.47 0.46 
-1170 -8.54 -4.51 0.52 
50% Mu 
-630 -11.0 -2.44 0.22 
-900 -12.3 -3.47 0.28 
-1170 -13.3 -4.51 0.34 
70% Mu 
-630 -20.9 -2.44 0.11 
-900 -22.1 -3.47 0.15 
-1170 -23.3 -4.51 0.19 
 
7.3.4 Creep  
 
The median value for basic creep coefficient is obtained from AS 3600(2009) and 
the upper and lower limits are taken as +40 percent and -40 percent of the median 
value. The long-term deflection at mid-span is computed for three different concrete 
compressive strengths of 30 MPa, 40 MPa and 50 MPa and for load conditions 
which cause mid-span moments of 30 percent, 50 percent and 70 percent of the 
moment capacity of the beam. Modulus of elasticity corresponding to each concrete 
compressive strength is computed as given in Table 7.1, basic drying shrinkage 
strain is assumed as 900x10-6 and other concrete, steel and member geometric 
properties as shown in Figure 7.1 are kept constant.  
 
The results of mid-span long-term deflections are plotted against basic creep 
coefficient for different concrete compressive strengths as shown in Figure 7.6. 
Table 7.9 gives the percentage of variation of long-term deflection with reference to 
the deflection at median value of creep coefficient (refer to Table 7.1) for the 
concrete compressive strength of 40 MPa. 
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Figure 7.6 Influence of the basic creep coefficient on long-term deflection 
for concrete compressive strengths of 32 MPa, 40 MPa and 50 
MPa 
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Table 7.9 Effect of basic creep coefficient on long-term deflections 
( 'cf =40MPa) 
Applied Moment ( bcc.φ ) Long-term deflection(mm) 
% of variation of 
long-term deflection 
with reference to 
median value 
30% Mu 
1.7 -1.67 -37 
2.8 -2.63 0 
3.9 -3.74 42 
50% Mu 
1.7 -13.72 -24 
2.8 -18.11 0 
3.9 -22.4 24 
70% Mu 
1.7 -41.3 -23 
2.8 -51.0 0 
3.9 -59.6 17 
 
 
It can be seen from Figure 7.6 and Table 7.9 that as the basic creep coefficient 
increases, long-term deflection increases. When the applied moment is low, the ±40 
percent variation of basic creep coefficient has a significant influence on the long-
term deflection. As moment increases, the effect of variation of basic creep coefficient 
on long-term deflection decreases.  
 
7.4 EFFECTS OF GEOMETRIC PROPERTIES ON DEFLECTION 
 
In this section the influence of the slenderness ratio, tensile and compressive 
reinforcement quantities and presressing steel quantities on long-term deflection are 
investigated. The details of the study are given in section 7.2. Long-term deflections at 
mid-span are computed for various uniformly-distributed loads which cause 
maximum moments of 30, 50 and 80 percent of the moment capacity of the beam 
when reinforced only with prestressing steel areas of 0.2 or 0.4 percent. The concrete 
compressive strength, basic drying shrinkage strain and creep coefficient have been 
kept constant to 40 MPa, 900x10-6 and 2.8 respectively.  
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7.4.1 Slenderness Ratio 
 
Figure 7.7 shows the mid-span long-term deflection for members with slenderness 
ratios of 20 and 30 for depths of 300 mm and 500 mm. Prestressing steel percentages 
of 0.2 and 0.4 percent and tensile reinforcement of 0.3 percent have been considered 
and the details are given in Table 7.2. The moment ratio is the ratio between the mid-
span applied moment and the moment capacity of the beam reinforced only with 
prestressing steel area of 0.2 or 0.4 percent. It can be seen from Figure 7.7 that for the 
same moment ratio and depth D, long-term deflection more than doubles as the 
slenderness ratio increases from 20 to 30.  
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Figure 7.7 Mid-span long-term deflection for members with different 
slenderness ratios and depth D for ρp=0.2% and ρp=0.4% 
     
7.4.2 Quantity of Tensile Reinforcement  
 
Figure 7.8 shows the mid-span long-term deflection variation for beams with tensile 
reinforcement percentages of 0.0, 0.3, 0.6 and 1.0 percent. Beams with slenderness 
ratios of 30 and 20 for depths of 300 mm and 500 mm and prestressing steel 
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percentages of 0.4 and 0.2 percent have been considered and the details are given in 
Table 7.3.  
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       (b) L/D=20, D=500 mm, ρp=0.2% 
 
 
Figure7.8 Long-term deflection versus tensile reinforcement ratio 
 
Figure 7.8 shows the mid-span long-term variation plotted against different tensile 
reinforcement percentages. When the beam is subjected to maximum moment ratios 
of 0.3 and 0.5, the mid-span long-term deflection increases as the area of tensile 
reinforcement increases. Under these moments the beam is not cracked and the tensile 
or bottom reinforcement strain is compressive due to applied prestress force. As the 
reinforcement ratio increases, the compressive strain in bottom reinforcement 
decreases and concrete top fiber strain increases. This in turn increases the rotation 
and deflection. As the applied moment increases, the bottom reinforcement strain 
becomes tensile and as the reinforcement ratio increases, the tensile strain in bottom 
reinforcement and concrete top fibre strain decrease. This in turn will reduce the 
rotation and deflection. The conclusion is that when prestressed concrete flexural 
members are subjected to low external loads, as the presence of bottom reinforcement 
increases the long-term deflection increases. For higher external loads, as the bottom 
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reinforcement ratio increases, the deflection decreases. According to Nawy and 
Chiang (1980), for loads above the first cracking load the deflections in prestressed 
concrete beam with reinforcement are smaller than for similar beams without 
reinforcement. 
 
Furthermore, for prestreesed concrete beams subjected to high external loads, beams 
with no tensile reinforcement deflect significantly compared to beams with tensile 
reinforcement. When tensile reinforcement is present in flexural beams subjected to a 
same load, the quantity of the tensile reinforcement does not affect long-term 
deflection significantly. 
 
7.4.3 Quantity of Compressive Reinforcement  
 
The effect of compression reinforcement quantity on long-term deflection is 
investigated by varying the compression reinforcement quantity from 0 to 0.3 percent 
and the details are given in Section 7.2. Figure 7.9 shows the mid-span long-term 
deflection variation against the compressive reinforcement percentages. Table 7.10 
gives the percentage of variation of the long-term deflection with reference to the 
long-term deflection of the beam with no compressive reinforcement. 
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Figure 7.9 Effect of compression reinforcement on long-term 
deflection 
 
From Figure 7.9 and Table 7.10 demonstrate that as the percentage of compression 
reinforcement increases, long-term deflection decreases. When a flexural member is 
subjected to a long-term load, with time a significant portion of the compressive force 
in the concrete is transferred to compressive reinforcement, relieving the compressive 
stress in the concrete. Furthermore, compressive reinforcement provides restraint to 
the concrete from undergoing excessive creep and shrinkage deformations in the 
compression zone of the beam. This will reduce the increase in concrete top fibre 
strain with time which in turn will reduce the rotation and long-term deflection. 
Hence, the presence of compressive reinforcement has a significant positive effect in 
controlling long-term deflection. According to Bandyopadhgay and Sengupta (1988) 
and Stevens (1972) compression reinforcement reduces the effect of creep. Alexander 
(2002) stated compression reinforcement is very effective on reducing the shrinkage 
curvature which would reduce the deflection. 
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Table 7.10   Effect of compression reinforcement on long-term deflection  
Applied Moment ρsc % 
Long-term 
deflection(mm) 
% of variation of 
deflection with 
reference to 
ρsc =0.0 
30% Mu 
0.0 -17 0 
0.1 -15 -12 
0.3 -13 -24 
50% Mu 
0.0 -38 0 
0.1 -35 -8 
0.3 -29 -24 
70% Mu 
0.0 -77 0 
0.1 -72 -7 
0.3 -64 -17 
  
7.5 LOCAL DEFORMATIONS 
 
In this section the results of a parametric study undertaken to investigate factors 
influencing the long-term deflection of prestressed concrete beams, are further 
extended to study factors affecting long-term local deformations such as rotation, 
crack width and crack spacing. The main parameters investigated are the properties of 
concrete including concrete compressive strength, concrete modulus of elasticity, 
basic shrinkage strain, basic creep factor and bond properties and steel quantities. The 
details of the parametric study are explained in Section 7.2. 
 
7.5.1 Rotation of the Member 
 
In this section the effects of concrete properties such as concrete compressive 
strength, modulus of elasticity, basic shrinkage strain and basic creep coefficient, 
geometric properties and steel quantities on long-term deformation of total rotation 
are reported.  
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7.5.1.1 Effect of Concrete Properties 
 
For each concrete compressive strength the basic creep coefficient and modulus of 
elasticity are computed, as given in Table 7.1. Three load conditions which cause mid-
span moments of 30 percent, 50 percent and 70 percent of the theoretical moment 
capacity of the beam are considered. Beam geometric details are given in Figure 7.1.  
Figure 7.10 shows the variation of the rotation of the beam for the compressive 
strengths of 32MPa, 40MPa and 50MPa. 
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Figure 7.10 Influence of concrete compressive strength on long-term rotation 
 
It can be seen from Figure 7.10 and Table 7.11 that the long-term total rotation of the 
beam decreases as concrete compressive strength increases. This effect is significant 
when the flexural member is subjected to a low applied moment. 
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Table 7.11 Effect of concrete compressive strength on rotation  
Applied Moment f’c(MPa) 
Total Rotation (10-2) 
(rad.) 
% of variation of 
rotation with 
reference to f’c=40 
MPa 
30% Mu 
32 -0.25 47 
40 -0.17 0 
50 -0.14 -17.6 
50% Mu 
32 -1.48 26 
40 -1.17 0 
50 -1.0 -15 
70% Mu 
32 -3.72 14 
40 -3.08 0 
50 -2.66 -14 
 
 
Figure 7.11 and Table 7.12 show the variation of the total rotation of the beam with 
the elastic modulus of concrete for the compressive strengths of 32MPa and 50MPa. 
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Figure 7.11 Influence of the modulus of elasticity on long-term rotation for 
concrete compressive strengths of 32 MPa and 50 MPa 
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Table 7.12 Effect of concrete modulus of elasticity on long-term rotation at 
mid-span ( 'cf =50MPa) 
Applied Moment Ec (MPa) 
Rotation (x 10-2) 
(rad.) 
% of variation of 
rotation with 
reference to median 
value 
30% Mu 
28 -0.174 24 
35 -0.14 0 
42 -0.116 -17 
50% Mu 
28 -1.21 22 
35 -0.99 0 
42 -0.854 -13.7 
70% Mu 
28 -2.92 10 
35 -2.66 0 
42 -2.42 -9 
 
It can be observed from Figure 7.11 and Table 7.12 that the rotation decreases as the 
modulus of elasticity increases and this effect is significant when the member is 
subjected to low loads.  
 
Figure 7.12 and Table 7.13 show the variation of the long-term total rotation of the 
beam with respect to final basic drying shrinkage * .bcsdε . It can be seen from Figure 
7.12 that as the applied moment increases the ±30 percent variation of basic drying 
shrinkage strain does not have a significant influence on the rotation of the beam.  
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Figure 7.12 Influence of the final basic drying shrinkage strain on long-      
term rotation (f’c = 50 MPa) 
 
Figure 7.13 and Table 7.13 show the variation of the long-term total rotation of the 
beam with respect to the basic creep coefficient ( bcc.φ ) and it can be seen that the 
variation of ±40 percent of basic creep coefficient has a significant influence on  long-
term total rotation. 
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Figure 7.13 Influence of the basic creep coefficient on long-term rotation       
(f’c = 50 MPa) 
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Table 7.13 Effect of basic drying shrinkage and basic creep coefficient on 
long-term rotation  
Applied 
Moment 
Final basic drying shrinkage Basic creep coefficient 
*
.bcsdε  x 
10-6 
Rotation 
(10-2) 
% of 
variation of 
rotation with 
reference to 
median value 
( bcc.φ ) Rotation (10-2) 
% of 
variation of 
rotation 
with 
reference to 
median 
value 
30% Mu 
630 -0.12 -14 1.4 -0.091 -35 
900 -0.14 0 2.4 -0.14 0 
1170 -0.16 14 3.4 -0.182 30 
50% Mu 
630 -0.976 -2.2 1.4 -0.752 24.5 
900 -0.998 0 2.4 -0.998 0 
1170 -1.01 1..2 3.4 -1.23 23 
70% Mu 
630 -2.58 -3 1.4 -2.14 19.5 
900 -2.66 0 2.4 -2.66 0 
1170 -2.74 3 3.4 -3.14 18 
 
7.5.1.2 Effect of Quantity of Tensile Reinforcement  
 
Figure 7.14 shows the rotation variation for beams with tensile reinforcement 
percentages of 0.0, 0.3, 0.6 and 1.0 percent. Beams with slenderness ratios of 20 and 
30 for depths of 300mm and 500mm and prestressing steel percentages of 0.2 and 0.4 
percent have been considered. The moment ratio is the ratio between the mid-span 
applied moment and the ultimate moment of the beam, with prestressing steel 
percentages of 0.2 or 0.4 and without tensile reinforcement. 
 
 
 
 
 
 
 
 234
 
-0.12
-0.1
-0.08
-0.06
-0.04
-0.02
0
0 0.3 0.6 0.9 1.2
Tensile reinforcement %
To
ta
l r
ot
at
io
n 
(r
ad
)  
 
Moment ratio=0.3
Moment ratio=0.5
Moment ratio=0.8
 
(a)L/D=30, D=300mm, ρp=0.4%  
-0.05
-0.04
-0.03
-0.02
-0.01
0
0 0.3 0.6 0.9 1.2
Tensile reinforcement %
To
ta
l r
ot
at
io
n 
(r
ad
)  
Moment ratio=0.3
Moment ratio=0.5
Moment ratio=0.8
 
        (b) L/D=20, D=500 mm, ρp=0.2% 
 
Figure 7.14 Rotation versus tensile reinforcement 
 
The effects of presence of tensile reinforcement on rotation are similar to effects of 
tensile reinforcement on long-term deflection discussed in Section 7.4.2.  
 
7.5.1.3 Effect of Quantity of Compressive Reinforcement  
 
The effect of compression reinforcement quantity on rotation is investigated by 
varying the compression reinforcement quantity from 0 to 0.3 percent. Tensile 
reinforcement and prestressing steel quantities are 0.3 and 0.2 percent respectively. 
The moment ratio is the ratio between the mid-span applied moment and the ultimate 
moment of the beam with 0 percent of compression reinforcement. 
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Figure 7.15 Effect of compression reinforcement on long-term rotation 
 
Figure 7.15 and Table 7.14 show that the rotation decreases as the percentage of 
compression reinforcement increases.  
 
Table 7.14   Effect of compression reinforcement on long-term rotation at mid-
span 
Applied Moment ρsc % Rotation (10-2) 
% of variation of 
rotation with 
reference to ρsc 
=0.0 
30% Mu 
0.0 -1.19 0 
0.1 -1.09 -8.4 
0.3 -0.918 -22.8 
50% Mu 
0.0 -2.48 0 
0.1 -2.26 -9 
0.3 -1.92 -22.5 
70% Mu 
0.0 -4.8 0 
0.1 -4.48 -6.7 
0.3 -3.96 -17.5 
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7.5.2 CRACK WIDTH AND CRACK SPACING 
 
In this section the effects of concrete properties such as concrete compressive 
strength, modulus of elasticity, basic shrinkage strain and basic creep factor, bond 
properties and steel quantities on the maximum crack width which occurs at the centre 
of the simply-supported beam are reported.  
 
7.5.2.1 Effect of Concrete Properties 
 
In this section, to investigate the influence of concrete properties on long-term crack 
width compressive strengths of 32MPa, 40MPa and 50MPa are considered and the 
geometric details of beams are given in Figure 7.1. For each of the concrete 
compressive strength, the basic creep coefficient and modulus of elasticity are 
computed as given in Table 7.1. The cracks occurred when the beam was subjected to 
70 percent of the theoretical moment capacity of the beam. 
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Figure 7.16 Influence of the concrete compressive strength on long-term             
maximum crack width and crack spacing 
 
Figure 7.16 shows that the maximum crack width reduces as the compressive strength 
increases and crack spacing is not affected by compressive strength. The maximum 
bond strength of reinforcement increases as the compressive strength of concrete 
increases. With high bond strength, the stress transferred between concrete and steel is 
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higher, leading to smaller slip. The crack width at reinforcement level depends upon 
the slip at reinforcement level. Therefore, the crack width reduces as the compressive 
strength increases.  
 
The variation of the maximum crack width and crack spacing with respect to modulus 
of elasticity is plotted in Figure 7.17 which shows that modulus of elasticity does not 
have a significant influence on long-term maximum crack width and crack spacing.  
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Figure 7.17 Influence of modulus of elasticity on long-term maximum crack 
width and crack spacing  
 
Figure 7.18 shows the variation of the maximum crack width and spacing with respect 
to final basic drying shrinkage. In prestressed concrete flexural members the increase 
in basic drying shrinkage (from 630x10-6 to 1170x10-6) does not have an influence on 
long-term maximum crack width and crack spacing. 
 
 238
0.2
0.25
0.3
0.35
0.4
0.0005 0.0007 0.0009 0.0011 0.0013
Basic drying shrinkage
M
ax
im
um
 c
ra
ck
 w
id
th
 (m
m
)  
 
0
50
100
150
200
250
300
0.0005 0.0007 0.0009 0.0011 0.0013
Basic drying shrinkage
M
ax
im
um
 c
ra
ck
 s
pa
ci
ng
 (m
m
) 
Figure 7.18 Influence of variation of basic shrinkage strain on long-term 
maximum crack width and crack spacing 
 
Figure 7.19 shows the variation of maximum crack width with respect to basic creep 
coefficient. It can be seen that the crack width increases significantly as basic creep 
coefficient increases. Crack spacing is not affected by the increase in basic creep 
coefficient. As creep increases, the time-dependent stress in tensile reinforcement 
increases and the force transferred to concrete from reinforcement through bond 
increases, resulting in higher slip values. In Chapter 3 the crack width wst at 
reinforcement level is given as the sum of the slip of the left face (sst)l and slip of the 
right face (sst)r of the crack. Therefore crack width increases as slip increases with 
increasing creep. 
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Figure 7.19 Influence of variation of basic creep coefficient on long-term 
maximum crack width and crack spacing 
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7.5.2.2 Effect of Steel Bond Properties 
 
7.5.2.2.1 Effect of Reinforcement Bond Capacity 
 
In this section the influence of the reinforcing bar bond on the long-term crack width 
and crack spacing is investigated by varying the maximum bond capacity (τmax) for 
reinforcement percentages of 0.3. The prestressing steel percentage is taken as 0.2 
percent. All the other slip parameters corresponding to the reinforcing bars are kept 
constant. The depth D, slenderness ratio L/D, concrete strength fcm, basic drying 
shrinkage and creep coefficient are kept constant to 500 mm, 20, 40 MPa, 900x10-6 
and 2.8 respectively and the details of the beams are given in Figure7.20. A 
uniformly-distributed load of 121 kN/m is applied which would cause a maximum 
mid-span moment of 60 percent of the moment capacity of the beam. Under this load 
the beam is cracked. 
 
Figure 7.20 Details of the beam 
 
The bond-slip model for reinforcement given in CEB-FIP Model Code1990 (1993) is 
used in this parametric study and all the parameters (s1, s2, s3) except maximum bond 
capacity are kept constant. It can be seen from Figure 7.21 that short-term and long-
term crack width and crack spacing decrease as the maximum bond capacity of the 
reinforcement increases. As bond capacity increases, the tensile force transferred from 
reinforcement to concrete through bond increases, Therefore, the distance needed to 
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(a) Section details (b) Beam elevation 
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reach the concrete tensile strength is shorter, which means smaller crack spacing and 
crack widths. 
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Figure 7.21   Effect of reinforcement bond capacity τmax on maximum crack 
width and crack spacing 
 
7.5.2.2.2 Effect of Prestressing Steel Bond Capacity 
 
To investigate the influence of the bond capacity of the prestressing tendon on long-
term crack width and crack spacing, the maximum bond capacity is varied for the 
ratio of prestressing steel area ρp of 0.2 percent. The ratios of reinforcement area ρst 
are taken as 0.0 and 0.3 percent. All other slip parameters corresponding to the tendon 
are kept constant. The geometric properties, load, shrinkage and creep properties are 
similar to the beam described in section 7.5.2.2.1. Figure 7.22 and Figure 7.23 
indicate that maximum crack width and crack spacing decrease as the maximum bond 
capacity of the prestressing steel increases. As bond capacity increases, the tensile 
force transferred from prestressing steel to concrete through the bond increases. 
Therefore, the distance required to reach the concrete tensile strength reduces, which 
means smaller crack spacing and crack widths. 
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Figure 7.22   Effect of prestressing steel bond capacity τmax on maximum crack          
width 
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Figure 7.23 Effect of prestressing steel bond capacity τmax on crack spacing 
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7.5.2.3 Effect of Quantity of Tensile Reinforcement  
 
Figure 7.24 shows the maximum long-term crack width and crack spacing variation 
for beams with tensile reinforcement percentages of 0.3, 0.6 and 1.0 percent. Beam 
with a slenderness ratio of 20, depth of 500mm and prestressing steel percentage of 
0.2 percent has been considered. The maximum crack width and crack spacing 
decrease with increasing tensile reinforcement percentages. As the tensile 
reinforcement area percentage increases in a beam, the number of bars and their 
diameters increase leading to a large surface contact area between concrete and steel. 
By providing a large surface contact area, better bonding is achieved. Therefore, the 
bond force transferred to concrete increases, leading to smaller slips which lead to 
smaller crack widths. According to Nawy and Chiang (1980) and Chong (2004), crack 
width and crack spacings reduce as the quantity of tensile reinforcement increases. 
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7.6 SUMMARY 
 
In this chapter a parametric study has been reported investigating the effect of both 
material and geometric properties on long-term deflection and other local 
deformations such as total rotation, crack width and crack spacing. The material 
properties examined in this study include concrete material properties such as 
concrete compressive strength, elastic modulus, creep, shrinkage and bond properties.  
 
Compressive strength and elastic modulus of concrete have significant influence on 
the long-term deflection and rotation of prestressed concrete flexural members 
subjected to low external loads. However, as the applied load increases, the influence 
becomes moderate. Maximum crack width decreases as the concrete compressive 
strength increases. The modulus of elasticity of concrete does not have an influence 
on the long-term crack width and crack spacing. 
 
 The long-term deflection, rotation and crack width increase with time due to 
shrinkage and creep. When the prestressed member is subjected to low loads, 
deflection and rotation increase moderately with the increase in final basic drying 
shrinkage strain. However, for high applied loads the increase in final basic drying 
shrinkage strain has no significant effect on the deformation. Increase in the basic 
creep coefficient, increases the long-term deflection and other local deformations 
significantly.  
 
Crack width is affected by the maximum bond capacity of reinforcement and 
prestressing steel in such a way that as the bond capacity increases, the crack width 
reduces. Furthermore, crack spacing decreases as the maximum bond capacity of 
reinforcement and prestressing steel increases.   
 
A parametric study has been carried out to investigate the effect of geometric 
properties such as slenderness ratio and tensile and compressive reinforcement 
quantities on long-term deflection and other local deformations of prestressed 
concrete members. Long-term deflection increases significantly as the slenderness 
ratio increases for members with the same overall depth. As for the effect of tensile 
reinforcement quantity, when the prestressed concrete member is subjected to low 
 244
load, the increase in tensile reinforcement ratio increases long-term deflection and 
rotation. As the applied load increases, the increases in tensile reinforcement ratio 
reduce the long-term deflection and rotation. The crack width and crack spacing 
reduce as the tensile reinforcement increases due to the increase in the concrete-steel 
contact surface area. The increase in compressive reinforcement reduces long-term 
deflection and rotation significantly. 
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CHAPTER 8 
 
CONCLUSIONS AND RECOMMENDATIONS FOR 
FUTURE STUDIES 
 
The major objective of this research is to investigate the time-dependent deflection of 
post-tensioned concrete flexural members incorporating rotation, crack width and 
crack spacing due to crack formation, bond-slip behaviour between steel and concrete 
in cracked regions and time-dependent properties such as creep and shrinkage of 
concrete. In achieving the above objective an analytical model capable of predicting 
time-dependent deformations in post-tensioned concrete suspended beams and one-
way spanning slabs subjected to service loads has been developed. Deflections were 
measured in a real-life building project during construction stages and these 
measurements were used to examine the validity of the developed analytical model. 
Furthermore, the models developed have been validated using some limited 
experimental results reported in literature. 
 
8.1 CONCLUSIONS 
 
The following conclusions can be drawn based upon the investigations presented in 
the thesis. 
 
8.1.1 Numerical Modelling of Post-tensioned Flexural Members  
 
The developed analytical model incorporates the block model approach which can 
account for non-linear and in-elastic behaviour of concrete, creep and shrinkage of 
concrete and bond-slip behaviour of reinforcement and prestressing steel. 
  
a) The analytical model developed in this thesis can predict time-dependent 
flexural behaviour such as deflection, formation of flexural cracks, crack width 
and crack spacing in post-tensioned flexural members subjected to increasing 
service range loads with time. When the flexural member is in an uncracked 
state, linear variation of strain at each section is considered. When the flexural 
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member is in a cracked state, the non-linear variations of strain at sections 
between cracks are considered. Tensile steel strain variations between cracks 
at any time are evaluated by considering the slip compatibility between steel 
and concrete using bond-slip behaviour and bar equilibrium conditions. The 
concrete tensile strain between cracks is evaluated by assuming linear 
variation of strain from the neutral axis to the concrete bottom fibre strain due 
to bond stress transferred to the concrete through slip. The concrete 
compressive strain variation and neutral axis depth at each section between 
cracks is computed by satisfying the requirement for force and moment 
equilibrium. 
 
b) Concrete shrinkage and creep are the main factors causing time-dependent 
deflections and variations in local deformation in prestressed concrete 
members. Evaluations of time-dependent responses are carried out in cycles 
which represent passages of time intervals and through adoption of realistic 
models for creep and shrinkage. 
 
c) The deformation model has been applied to positive moment region of simply 
supported and positive and negative moment regions in continuous members 
for increasing service loads and times. 
 
d) Comparisons between the predicted data generated by the developed analytical 
model and measured data from past published tests for simply-supported 
reinforced and partially prestressed beams demonstrate the ability of the 
analytical model to accurately predict long-term deflections and crack widths. 
 
8.1.2 Real-life Monitoring of Deflections 
 
A planned monitoring program was implemented to measure real-life deflections of 
post-tensioned slabs and beams of a multi-storey building.  
 
a) A comparison was carried out with measured deflection data from the real-life 
office building and the predicted values using the analytical model for 
continuous members. 
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b) It is observed when the concrete floors are subjected to maximum construction 
loads due to supporting of the props of the above floors, the measured 
deflection may differ from the predicted deflections due to reasons such as: the 
constructed tendon profile can be different to the profile used in the prediction 
model, unpredictability of construction loads, curing conditions may differ and 
the weather conditions may vary. However, under nominal construction loads 
it can be seen in most of the beams the difference between measured 
maximum centre deflection and predicted maximum deflection is within ±30 
percent and therefore in good agreement between measured and predicted 
deflections.  
 
8.1.3 Parametric Study 
 
It is observed that the developed model has the ability to predict deflections of 
existing slabs and beams within a constructed office building and past experiments 
with reasonable accuracy. The model is used as a tool to investigate the effect of 
numerous input parameters on the predicted deflection, crack width and crack 
spacing. The main parameters investigated were the concrete properties such as 
concrete compressive strength, elastic modulus, creep and shrinkage, bond capacity of 
steel, reinforcing tensile steel percentage, quantity of compressive reinforcement and 
the depth and span of the member. 
 
The following conclusions can be drawn based on the results of the parametric study 
for prestressed concrete flexural members. 
 
a) Long-Term Deflection 
 
? A reduction in long-term deflection is observed with increase in 
compressive strength and elastic modulus of concrete as stronger 
concrete has high tensile strength and less creep.   
 
? Long-term deflection increases with time due to the time-dependent 
effects of creep and shrinkage. When prestressed members are 
subjected to low loads, the variation of magnitude of final drying 
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basic shrinkage strain has a significant effect on long-term 
deflection. That is, as drying basic shrinkage strain increases, long-
term deflection increases. However, as the applied load increases, 
the sensitivity of long term deflection to final drying basic 
shrinkage ceases. The effect of variation of the basic creep 
coefficient is prominent in long-term deflections at all levels of 
loads in such a way that, as basic creep coefficient increases, the 
long-term deflection increases. 
 
? The tensile reinforcement ratio has a negative or positive effect on 
long-term deflection, depending upon the load applied to the 
prestressed member. When the member is subjected to low loads, 
an increase in tensile reinforcement increases the long-term 
deflection, but under high loads long-term deflection decreases.  
 
? An increase in compressive reinforcement ratio results in a 
decrease in long-term deflection. 
 
b) Total Rotation 
 
 The effects on total rotation due to concrete properties, bond 
capacity of reinforcement and prestressing steel and reinforcement 
percentages are similar to the effects on long-term deflection 
caused by these factors. 
 
c) Crack width and crack spacing 
 
? An increase in the compressive strength results in a significant 
decrease in the crack width. As compressive strength increases, the 
bond strength of reinforcement increases leading to smaller slips 
and crack widths. The effect of elastic modulus is not significant 
for crack width. 
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? The magnitude of final basic drying shrinkage does not have a 
significant effect on long-term crack widths. The magnitude of the 
basic creep coefficient has a significant effect on long-term crack 
widths. 
 
? Bond strength of reinforcement and prestressing steel are important 
factors affecting crack width and crack spacing. Crack width and 
crack spacing decrease as the bond strength increases. 
 
? Tensile reinforcement ratio has a significant effect on crack width 
and crack spacing. The contact surface area between tensile steel 
and the concrete increases as the reinforcement ratio increases, 
improving the bond characteristics of the member and therefore 
causing smaller cracks and closer crack spacing. 
 
8.1.4 Potential Applications of the Developed Analytical Model 
 
a) Model can be incorporated into existing software programs for prediction of 
deflection of reinforced and post-tensioned concrete flexural beams and one-
way spanning slabs. 
 
b) Model can be used to understand the influence of many environmental 
parameters on serviceability behaviour of post-tensioned concrete flexural 
members. The numerical simulation can replace tedious lab based 
experiments. 
 
8.2 RECOMMENDATIONS FOR FUTURE STUDIES 
 
a) Outcomes of the model can be further analysed in comparison with the current 
predictions of design code procedures and can be used to guide development 
of design recommendations. 
 
b) The analytical model developed in this thesis is applicable to prestressed 
concrete beams and one-way spanning slabs subjected to loads in the service 
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range. The model can be further developed to consider the long-term 
behaviour of flexural members when subjected to loads from the service range 
to failure and to include the moment redistribution in continuous beams.  
 
c) The presented model is applicable to one-way spanning prestressed flexural 
beams and slabs with rectangular cross-sections. This model can therefore be 
extended to study two-way spanning slabs and beams with T and I-sections. 
 
d) The analytical model can be further extended to study the long-term behaviour 
of prestressed flexural beams containing unbonded tendons or subjected to 
external prestressing. 
 
e) A comparison should be made of the presented analytical model, which is 
based on the discrete crack approach, with long-term prediction models based 
on tension stiffening models and smeared crack approaches. 
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  APPENDIX A 
 
     SURVEY RESULTS 
 
A.1 SURVEY RESULTS OF LEVEL 1  
 
Reduced Level= 10.600 m 
 
Table A.1.1 Survey results of Level 1 
DATE 15/6/07 12/6/07 13/8/07 5/9/07 21/9/07 22/10/17 6/12/07 4/2/08 23/5/08 12/8/08 6/10/08 
POINT 
no. 
           
1 1.594 1.594 1.596 - - - - - - - - 
2 1.599 1.599 1.601 - - - - - - - 1.601 
3 1.610 1.609 - - - - - - - - 1.608 
4 1.604 - - 1.605 1.604 1.603 1.600 1.600 1.599 - - 
5 1.605 - - - - - - - - - - 
6 1.610 1.610 1.613 1.613 1.612 1.612 1.608 1.608 1.608 1.607 1.608 
7 1.595 1.595 1.600 - 1.599 - - - - - - 
8 1.599 1.599 1.602 1.603 1.602 - - - - - - 
9 1.599 1.599 1.605 1.604 1.603 - - - - - - 
10 1.595 1.595 1.601 1.602 1.602 - - - - - - 
11 1.595 1.595 1.602 1.602 1.602 - - - - - - 
12 1.593 1.594 1.598 1.598 1.598 - - - - - - 
13 1.592 1.593 1.598 - 1.598 - - - - - - 
14 1.590 1.590 1.595 - 1.595 1.595 1.596 1.596 1.594 1.594 1.595 
15 1.595 1.594 1.600 1.600 1.600 1.600 1.600 1.600 1.599 1.598 1.599 
16 1.600 - - 1.605 1.603 1.604 1.601 1.601 1.600 - - 
17 1.600 1.600 1.605 1.605 1.603 1.603 1.601 1.600 1.599 1.599 1.599 
18 1.607 1.607 1.613 - 1.612 1.611 1.608 1.608 1.607 1.607 1.608 
19 1.593 1.592 1.600 1.601 1.600 - - - - - - 
20 1.599 1.599 1.608 1.607 1.608 - - - - - - 
21 1.594 1.594 1.602 1.603 1.603 - - - - - - 
22 1.603 1.603 1.613 1.614 1.614 - - - - - - 
23 1.600 1.599 1.608 - 1.608 - - - - - - 
24 1.596 1.594 1.602 1.601 1.601 - - - - - - 
25 1.592 1.591 1.598 1.598 1.598 - - - - - - 
26 1.594 1.593 1.600 1.600 1.600 1.599 1.600 1.600 1.599 1.598 1.599 
27 1.597 - - 1.602 1.602 1.602 1.603 1.602 1.601 1.601 1.601 
28 1.594 - - 1.601 1.599 1.598 1.595 - - - - 
29 1.598 - - 1.602 1.602 1.602 1.599 1.599 1.598 1.598 1.598 
30 1.593 1.593 1.603 1.603 1.601 1.601 1.598 1.598 1.597 1.596 1.596 
31 1.594 1.593 1.604 1.607 1.602 - - - - - - 
32 1.598 - 1.610 1.606 1.608 - - - - - - 
33 1.597 1.597 - 1.606 - - - - - - - 
34 1.602 1.602 1.616 1.616 - - - - - - - 
35 1.602 - 1.615 1.613 1.603 - - - - - - 
36 1.599 1.598 1.606 1.604 1.603 - - - - - - 
37 1.595 1.594 1.603 1.601 1.600 - - - - - - 
38 1.593 - 1.601 1.599 - 1.600 1.600 1.600 1.598 1.598 1.599 
39 1.602 1.600 1.611 1.608 1.607 1.607 1.607 1.607 1.606 1.606 1.606 
40 1.596 - - 1.597 - 1.595 1.592 1.591 1.590 - - 
41 1.595 1.594 1.598 1.598 - 1.596 1.594 1.593 1.592 1.592 1.592 
42 1.599 - 1.604 1.604 - 1.602 1.600 1.600 1.599 1.598 1.598 
43 1.596 - 1.602 1.601 1.602 - - - - - - 
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44 1.594 - 1.599 1.599 1.599 - - - - - - 
45 1.592 - 1.599 1.598 1.598 - - - - - - 
46 1.597 1.598 1.603 1.603 1.602 - - - - - - 
47 1.601 1.601 1.611 1.609 - - - - - - - 
48 1.592 1.592 1.595 1.594 1.594 - - - - - - 
49 1.599 - 1.593 1.592 1.592 - - - - - - 
50 1.595 1.595 1.600 1.599 1.599 1.599 1.600 1.600 1.598 1.598 1.599 
51 1.602 1.600 1.608 1.605 1.605 1.605 1.605 1.606 1.604 1.603 1.604 
52 1.597 - - 1.595 - 1.592 1.588 1.588 1.587 - - 
53 1.594 - - 1.595 - 1.593 1.592 1.591 1.590 - - 
54 1.599 - - - - - - - - - - 
55 1.598 1.596 1.602 1.602 1.601 - - - - - - 
56 1.598 1.597 1.598 1.597 1.598 - - - - - - 
57 1.597 1.597 1.596 1.596 - - - - - - - 
58 1.597 1.597 1.600 1.601 1.601 - - - - - - 
59 1.600 - 1.608 1.608 - - - - - - - 
60 1.603 1.602 1.603 1.603 1.603 - - - - - - 
61 1.599 1.598 1.600 1.600 1.601 - - - - - - 
62 1.601 1.602 1.604 1.603 1.604 1.604 1.605 1.605 1.603 1.603 1.603 
63 1.605 1.604 1.608 1.608 1.608 1.608 1.608 1.608 1.607 1.606 1.606 
64 1.599 1.598 1.599 1.599 - - 1.595 1.594 1.593 - 1.595 
65 1.596 1.596 1.597 - - - 1.593 - 1.592 1.591 1.590 
66 1.599 - 1.603 1.603 - 1.603 1.600 1.600 1.599 1.599 1.599 
67 1.600 1.600 1.605 1.604 1.604 - - - - - - 
68 1.600 1.599 1.600 1.600 1.601 - - - - - - 
69 1.599 1.599 1.601 1.602 1.603 - - - - - - 
70 1.598 1.599 1.602 1.603 1.604 - - - - - - 
71 1.600 1.601 1.608 1.608 1.609 - - - - - - 
72 1.601 1.602 1.605 1.604 1.605 - - - - - - 
73 1.597 - - 1.600 1.601 - - - - - - 
74 1.592 1.594 1.597 - 1.599 1.599 1.601 1.601 1.600 1.599 1.600 
75 1.599 1.598 1.603 1.602 1.602 1.601 1.602 1.603 1.601 1.600 1.601 
76 1.600 - - 1.602 - - - - - - - 
77 1.599 - 1.602 1.602 - 1.601 1.598 - - - - 
78 1.597 1.597 1.601 - - 1.601 1.599 1.598 1.597 1.596 1.597 
79 1.600 1.600 1.606 1.605 1.606 - 1.600 1.599 1.598 1.598 1.597 
80 1.599 - 1.601 1.601 1.601 - - - - - - 
81 1.598 - 1.602 1.602 1.602 - - - - - - 
82 1.600 - 1.607 1.607 1.608 - - - - - - 
83 1.606 1.607 1.614 1.615 1.616 - - - - - - 
84 1.604 1.604 1.608 1.606 1.608 - - - - - - 
85 1.595 - - 1.598 1.599 - - - - - - 
86 1.595 1.595 1.598 - 1.600 1.600 1.602 1.602 1.601 1.600 1.601 
87 1.597 1.596 1.600 - 1.599 1.599 1.600 1.600 1.598 1.598 1.598 
88 1.592 - - 1.598 - 1.596 1.594 1.592 1.592 - - 
89 1.592 1.593 1.597 1.598 - 1.596 1.594 1.592 1.592 1.591 1.591 
90 1.593 - 1.601 - - 1.600 1.598 1.597 1.597 1.596 1.595 
91 1.600 1.599 1.608 1.606 1.605 - - - - - - 
92 1.600 1.600 1.606 1.605 1.605 - - - - - - 
93 1.598 1.597 1.603 1.603 1.603 - - - - - - 
94 1.601 1.602 - 1.610 1.6010 - - - - - - 
95 1.603 1.604 1.611 1.612 1.613 - - - - - - 
96 1.600 1.598 - 1.602 1.602 - - - - - - 
97 1.591 - - 1.593 1.594 - - - - - - 
98 1.594 1.592 1.597 1.596 1.597 1.598 1.599 1.599 1.597 1.598 1.598 
99 1.593 1.592 1.596 - - 1.593 1.593 1.593 1.592 1.592 1.592 
100 1.596 - - 1.599 - 1.598 1.595 1.593 1.593 - - 
101 1.596 1.597 1.600 1.600 - 1.598 1.596 1594 1.594 1.593 1.593 
102 1.593 1.549 1.599 - - 1.597 1.595 1.593 - - - 
103 1.595 1.594 1.600 1.600 1.599 - - - - - - 
104 1.593 - 1.597 1.598 - - - - - - - 
105 1.593 1.593 1.598 1.598 1.597 - - - - - - 
106 1.598 - - 1.604 1.604 - - - - - - 
107 1.599 1.599 1.605 1.605 1.605 - - - - - - 
108 1.598 1.598 1.601 1.600 1.601 - - - - - - 
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109 1.593 1.593 1.597 1.597 1.596 - - - 1.595 1.595 1.595 
110 1.593 1.592 1.597 1.596 1.596 1.597 1.598 1.597 1.590 1.590 1.590 
111 1.592 1.588 1.596 1.593 1.593 1.592 1.592 1.592 1.590 1.590 1.590 
112 1.594 - 1.594 1.593 - 1.591 1.587 1.587 1.586 - - 
113 1.593 1.594 1.595 1.594 - 1.592 1.589 1.588 1.588 1.587 1.586 
114 1.594 - 1.598 1.598 - 1.596 1.593 1.592 - - - 
115 1.592 1.592 1.595 1.594 - - - - - - - 
116 1.592 1.592 1.593 1.593 - - - - - - - 
117 1.591 1.592 1.593 1.593 - - - - - - - 
118 1.596 - 1.600 1.600 - - - - - - - 
119 1.599 1.599 1.602 1.601 - - - - - - - 
120 1.596 1.594 1.598 1.598 1.597 1.597 1.598 1.597 1.595 1.594 1.595 
121 1.588 1.587 1.591 - - 1.587 1.585 1.585 1.585 1.584 1.583 
122 1.598 1.598 1.600 1.601 1.601 1.600 1.599 1.598 1.599 1.598 1.597 
123 1.598 1.596 1.600 1.599 1.599 1.600 1.599 1.599 1.598 1.598 1.598 
183 1.598 1.598 1.609 1.609 1.608 - - - - - - 
184 1.598 - - 1.606 1.606 - - - - - - 
185 1.608 - 1.621 1.620 - - - - - - - 
186 1.602 1.601 - 1.610 - - - - - - - 
187 1.597 1.597 1.606 - 1.603 - - - - - - 
188 1.600 1.600 1.606 1.605 1.604 - - - - - - 
189 1.600 1.600 1.610 1.610 1.610 - - - - - - 
190 1.603 1.603 1.609 1.608 1.609 - - - - - - 
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A.2 SURVEY RESULTS OF LEVEL 2  
 
Reduced Level= 13.500 m 
 
Table A.2.1 Survey results of Level 2 
DATE 30/7/07 13/8/07 5/9/07 21/9/07 22/10/17 6/12/07 4/2/08 16/4/08 23/5/08 12/8/08 6/10/08 
POINT 
no. 
           
1 1.502 1.501 1.502 1.501 1.500 - - - - - - 
2 1.502 - 1.505 - 1.504 - - - - - - 
3 1.494 1.495 - - - - - - - - - 
4 1.497 1.499 1.498 1.498 1.496 1.492 1.491 1.491 1.491 - - 
5 1.497 1.499 1.498 1.497 1.495 1.492 - - - - - 
6 1.496 1.499 1.499 1.498 1.496 1.493 1.492 1.491 1.492 1.492 1.492 
7 1.501 1.505 1.504 - 1.502 1.500 1.499 1.499 1.500 1.500 1.500 
8 1.493 - 1.498 - 1.496 1.495 1.494 1.495 1.496 1.496 - 
9 1.492 1.496 1.496 - - - - - - - - 
10 1.493 1.497 1.498 - 1.98 1.497 1.497 1.497 1.498 1.499 - 
11 1.495 - 1.502 - 1.500 1.500 1.499 1.500 1.501 1.501 1.501 
12 1.494 1.498 1.499 - 1.499 1.498 1.498 1.498 1.499 1.499 1.499 
13 1.497 1.499 1.500 - 1.499 1.499 1.498 1.499 1.500 1.501 - 
14 1.492 1.496 1.497 1.497 1.497 1.496 - - - - - 
15 1.493 1.498 1.498 1.498 1.497 1.496 1.495 1.496 1.497 1.496 1.497 
16 1.498 1.501 1.501 1.500 1.499 1.495 1.495 1.495 1.497 - - 
17 1.492 1.497 1.4195 1.494 1.492 1.489 1.489 1.488 1.489 1.490 1.490 
18 1.493 1.498 1.498 1.497 1.495 1.492 1.491 1.491 1.493 1.492 1.492 
19 - 1.506 1.510 1.507 1.504 1.501 1.502 1.502 1.502 1.502 1.503 
20 1.491 1.498 1.500 1.500 - - - - - - - 
21 1.493 1.499 1.502 1.501 1.500 1.500 1.499 1.500 1.500 1.501 1.501 
22 1.491 1.497 1.501 1.501 1.500 1.499 1.499 1.500 1.500 1.500 1.499 
23 1.491 1.498 1.502 - 1.500 1.500 1.499 1.501 - 1.501 1.502 
24 1.494 1.500 1.503 1.502 1.502 1.501 1.500 1.501 1.501 1.502 - 
25 1.494 1.500 1.503 1.503 1.502 1.502 1.501 1.502 1.503 1.503 - 
26 1.488 1.494 1.497 1.497 1.497 1.496 1.495 1.496 1.497 1.497 - 
27 1.491 1.496 1.498 1.498 1.497 1.497 1.496 1.496 1.496 1.496 1.497 
28 1.498 - 1.501 1.500 1.498 - - - - - - 
29 1.497 - 1.501 1.500 1.498 1.495 1.493 1.493 1.495 1.495 - 
30 1.498 - 1.503 1.502 1.501 1.498 1.497 1.498 1.500 1.499 1.499 
31 1.503 1.510 - 1.509 1.508 1.505 1.504 1.505 1.506 1.507 1.507 
32 1.490 1.505 - 1.507 1.505 1.505 1.505 1.505 1.506 1.506 1.506 
33 1.495 1.502 1.502 1.504 1.503 1.503 1.502 1.504 1.504 1.504 - 
34 1.497 1.504 1.511 1.509 1.508 1.507 1.508 1.508 1.509 1.509 - 
35 1.494 1.503 1.508 - - - - - - - - 
36 1.499 1.506 1.511 - - - - - - - - 
37 1.499 - - 1.510 1.510 1.509 1.509 1.510 1.510 1.510 - 
38 1.494 1.503 1.507 1.505 1.505 1.505 1.504 - 1.506 1.506 1.507 
39 1.493 1.498 - 1.499 1.499 1.498 1.498 1.498 1.498 1.499 1.499 
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40 1.498 1.499 1.498 1.498 1.496 1.492 1.491 1.490 1.492 - - 
41 1.498 - 1.500 1.499 1.498 1.495 1.493 1.493 1.494 1.495 1.495 
42 1.498 - 1.503 1.501 1.500 1.498 - - - - - 
43 1.499 1.507 - 1.505 1.503 1.501 1.500 1.500 1.501 1.502 1.503 
44 1.496 1.500 1.502 1501 1.500 1.499 1.499 1.499 1.499 1.500 1.500 
45 1.499 1.505 1507 1.507 1.505 1.505 1.505 1.505 1.506 1.506 1.506 
46 1.497 1.501 1.504 1.504 1.503 1.504 1.503 1.504 1.504 1.505 1.505 
47 1.492 1.499 1.503 1.502 1.502 1.503 1.503 1.503 1.503 1.504 1.505 
48 1.494 1.498 1.500 1.500 1.500 1.500 1.500 1.500 1.500 1.501 1.501 
49 1.492 1.498 1.500 1.499 1.500 1.499 - 1.499 1.498 1.499 0.499 
50 1.495 1.499 1.502 1.502 1.502 1.502 1.502 1.503 1.502 1.503 1.503 
51 1.497 - - 1.502 1.501 1.500 1.499 1.500 1.500 1.500 1.500 
52 1.501 1.500 - 1.500 1.497 1.495 1.493 1.493 1.495 - - 
53 1.500 1.501 - 1.500 1.498 1.495 1.494 1.494 1.495 1.496 1.496 
54 1.500 1.502 1.503 1.503 1.501 1.499 1.498 1.498 1.499 1.500 1.499 
55 1.500 1.505 - 1.504 1.502 1.501 1.501 1.500 1.501 1.501 1.501 
56 1.498 1.499 1.499 1.499 1.498 1.497 1.496 1.496 1.497 1.498 1.498 
57 1.496 1.498 1.498 1.498 1.498 1.497 1.497 1.497 1.498 1.498 1.498 
58 1.497 1.500 - 1.501 1.501 1.501 1.500 1.501 1.501 1.502 1.501 
59 - 1.494 1.499 1.498 1.498 1.499 1.499 1.499 1.499 1.500 - 
60 1.494 1.495 1.497 1.496 1.496 1.497 1.496 1.497 1.497 1.497 - 
61 1.496 1.498 1.499 1.500 - 1.500 1.500 1.500 1.500 1.501 1.500 
62 1.496 1.500 1..501 1.501 1.501 1.501 - 1.501 - 1.502 1.502 
63 1.501 1.504 1.507 1.505 1.505 1.504 1.503 1.504 1.504 1.505 1.505 
64 1.497 1.496 1.496 1.495 1.491 1.490 1.489 1.488 1.489 - - 
65 1.498 1.498 1.498 1.498 1.495 1.493 1.491 1.491 1.492 1.492 1.493 
66 1.498 1.500 1.502 1.502 1.499 1.498 1.497 1.497 1.498 1.498 1.498 
67 1.501 1.504 - 1.505 1.503 1.502 1.501 1.501 1.501 1.502 1.502 
68 1.498 1.498 1.4198 1.498 1.497 1.497 1.496 - - 1.497 1.497 
69 1.493 1.494 1496 1.497 1.495 1.495 1.494 - - 1.495 1.495 
70 1.495 1.497 1.500 1.500 1.499 1.499 1.498 - - 1.499 - 
71 1.488 - 1.496 1.496 1.496 1.496 1.497 1.497 - 1.497 1.498 
72 1.488 1.488 - 1.489 1.489 1.489 1.489 1.489 1.489 1.490 1.490 
73 1.489 1.490 1.491 - 1.491 1.492 1.491 1.493 1.492 1.492 1.493 
74 1.495 - - 1.499 1.498 1.498 1.498 1.499 1.499 - - 
75 1.502 1.506 1.507 1.505 1.505 1.504 1.503 1.505 1.505 1.505 1.505 
76 1.491 1.491 1.491 1.490 1.488 - - - - - - 
77 1.496 1.498 1.498 1.497 1.494 1.492 1.490 1.491 1.491 1.492 1.492 
78 1.497 1.499 1.501 1.500 1.498 1.497 1.497 1.495 1.496 1.496 1.496 
79 1.501 1.505 1.508 1.507 1.504 1.503 1.501 1.502 - 1.503 1.503 
80 1.498 1.498 1.500 1.500 1.498 1.497 1.497 1.498 1.497 1.498 - 
81 1.488 1.490 1.492 1.493 1.491 1.491 1.490 1.491 1.490 1.491 - 
82 1.495 1.498 1.500 1.501 1.499 1.500 1.500 1.499 1.499 1.500 1.500 
83 1.490 1.493 - 1.498 1.497 1.498 - 1.498 1.497 1.498 - 
84 1.488 1.488 1.492 1.492 1.490 1.491 1.490 1.491 1.490 1.491 1.491 
85 1.486 1.486 1.489 1.489 1.488 1.489 1.488 1.489 1.498 1.489 1.490- 
86 1.490 - - 1.496 1.495 1.495 1.494 1.495 1.495 - - 
87 - 1.499 1.502 1.501 1.501 1.500 1.499 1.500 1.500 - - 
88 1.496 1.498 1.499 1.499 1.496 1.494 1.492 1.493 1.493 - - 
89 1.498 1.499 1.500 1.500 1.498 1.495 1.493 1.494 1.494 1.495 - 
90 1.497 1.499 1.502 1.501 1.499 1.498 1.496 1.496 1.497 1.498 - 
91 1.506 1.511 1.515 1.513 1.509 1.508 1.507 1.508 1.508 1.508 - 
92 1.500 1.503 1.507 - - - - - - - - 
93 1.498 1.500 1.504 1.503 1.503 1.502 1.501 1.502 1.501 1.502 - 
94 1.493 1.498 - 1.501 1.499 1.500 1.499 1.499 1.499 1.500 - 
95 1.494 - - 1.503 1.502 1.503 1.502 1.503 1.503 1.503 - 
96 1.492 1.493 - 1.495 1.494 1.495 1.493 - 1.494 1.494 1.495 
97 1.489 1.491 1.497 1.494 1.493 1.493 1.492 1.494 - 1.493 1.493 
98 1.488 1.492 1.494 1.496 1.496 1.493 1.495 1.496 - 1.495 1.495 
99 1.489 1.492 1.496 1.496 1.496 1.495 1.492 1.494 1.493 - - 
100 1.498 1.499 1.500 1.499 1.497 1.494 1.492 1.493 1.493 - - 
101 1.497 1.499 1.500 1.499 1.497 1.495 1.492 1.494 1.493 1.493 - 
102 1.495 1.498 1.499 1.499 1.497 1.494 1.492 1.493 1.494 1.494 - 
103 1.502 1.507 - 1.508 1.506 1.495 1.502 1.504 - - - 
104 1.499 1.502 1.505 1.504 1.502 1.505 1.500 1.501 1.500 1.500 - 
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105 1.498 1.501 1.504 1.503 1.502 1.501 1.500 1.501 1.500 1.501 - 
106 1.497 1.499 1.502 1.502 1.501 1.500 1.500 1.500 1.499 1.500 - 
107 1.491 1.494 1.498 1.497 1.495 1.495 1.494 1.496 1.495 1.496 1.496 
108 1.492 1.493 1.497 1.495 1.493 1.493 1.492 1.492 1.492 1.492 1.493 
109 1.488 1.490 1.495 1.492 1.491 1.491 1.490 1.490 1.490 1.490 - 
110 1.487 1.490 1.491 1.491 1.489 1.489 1.488 1.488 - - 1.488 
111 1.492 1.494 1.497 1.495 1.494 1.492 1.491 1.492 1.492 1.492 1.493 
112 1.501 1.500 - 1.500 1.497 1.494 1.492 1.493 1.493 - - 
113 1.502 1.502 1.503 1.502 1.500 1.498 1.496 1.496 1.497 1.498 - 
114 1.502 1.504 1.505 1.504 1.502 1.500 1.498 1.498 1.498 1.500 - 
115 1.500 - 1.505 1.503 1.501 1.500 1.498 1.499 1.498 1.499 - 
116 1.496 1.497 1.499 1.498 1.495 1.494 - - - - - 
117 1.496 1.498 1.498 1.496 1.494 1.493 1.491 1.493 1.492 1.492 - 
118 1.496 1.498 1.500 1.500 1.499 1.498 1.497 1.498 1.497 1.498 - 
119 1.500 - 1.502 - 1.501 1.500 1.499 1.499 1.499 1.500 1.500 
120 - - 1.497 1.497 1.494 1.492 1.492 1.492 1.491 1.492 1.492 
121 1.499 1.500 1.502 1.501 1.499 1.497 1.496 1.496 1.496 1.497 - 
122 1.499 1.500 1.501 1.501 1.499 1.498 1.497 1.498 1.497 1.498 1.498 
123 1.493 1.493 - 1.495 1.494 1.492 1.491 1.492 1.491 1.492 1.492 
183 1.505 - - 1.512 1.510 1.507 1.507 1.507 1.508 1.508 - 
184 1.499 1.507 1.510 1.507 1.505 1.505 1.504 1.505 1.505 1.504 1.505 
185 1.493 1.502 1.509 1.508 1.507 1.506 1.507 1.507 1.508 1.508 1.509 
186 1.502 1.509 1.514 1.513 - 1.512 1.512 1.513 1.513 1.514 - 
187 1.498 1.501 1.505 1.504 1.503 1.501 1.499 - 1.500 1.500 - 
188 1.504 1.508 - - - - - - - - - 
189 1.493 1.497 1.502 1.501 1.500 1.500 1.500 1.500 1.499 1.500 - 
190 1.497 1.499 - 1.501 1.500 1.501 1.500 1.501 1.500 1.501 1.501 
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A.3 SURVEY RESULTS OF LEVEL 4  
 
Reduced Level= 20.400 m 
 
Table A.3.1 Survey results of Level 4 
DATE 24/8/07 5/9/07 2/10/07 22/10/07 6/12/07 4/2/08 16/4/08 
POINT no.        
1 1.597 - 1.597 1.596 1.596 1.594 1.598 
2 1.598 - - 1.599 1.601 1.600 - 
3 1.594 1.593 - - - - - 
4 1.596 - 1.594 1.594 1.592 1.591 - 
5 1.592 1.591 1.592 1.591 1.590 1.589 - 
6 1.591 - 1.594 1.593 1.592 1.591 1.593 
7 1.595 - 1.598 1.597 1.597 1.596 - 
8 1.591 1.591 1.594 1.594 1.596 1.595 - 
9 1.591 1.592 1.595 1.594 1.597 1.597 - 
10 1.595 1.595 1.599 1.599 1.602 1.601 - 
11 1.598 1.598 1.602 1.600 1.603 1.601 1.603 
12 1.594 1.595 1.598 1.597 1.599 1.598 1.600 
13 1.596 1.596 1.599 1.599 1.601 1.600 1.601 
14 1.592 1.592 1.596 1.596 1.598 1.597 1.599 
15 1.597 1.596 1.598 1.598 1.599 1.598 1.600 
16 1.590 - 1.591 1.590 1.589 1.588 - 
17 1.596 1.595 1.598 1.596 1.595 1.594 - 
18 1.596 1.596 1.600 1.599 1.598 1.597 - 
19 1.593 1.591 - 1.597 1.597 1.596 - 
20 1.593 1.594 1.601 1.600 1.602 1.601 - 
21 1.595 1.597 1.602 1.602 1.604 1.603 - 
22 1.593 1.595 1.601 1.601 1.603 1.602 - 
23 1.598 1.597 1.603 1.602 1.604 1.602 - 
24 1.596 1.596 1.602 1.601 1.603 1.602 1.603 
25 1.597 1.597 1.602 1.602 1.605 - 1.605 
26 1.596 1.596 1.602 1.601 1.603 - 1.603 
27 1.599 1.597 1.603 1.602 1.603 1.602 1.605 
28 1.592 1.591 1.594 1.592 1.591 1.590 - 
29 1.593 - 1.598 1.595 1.593 1.592 - 
30 1.595 1.595 1.602 1.599 1.598 1.598 - 
31 1.595 1.593 1.604 1.601 1.602 1.601 - 
32 1.594 1.596 1.605 1.603 1.605 1.605 - 
33 1.594 1.596 1.605 1.603 1.605 1.605 - 
34 1.598 1.598 1.608 1.606 1.608 1.608 - 
35 1.600 1.599 1.608 1.606 1.608 1.608 - 
36 1.601 1.601 1.609 1.607 1.609 1.609 1.610 
37 1.601 1.601 - 1.606 1.609 - 1.610 
38 1.602 1.602 1.610 1.608 1.611 - 1.612 
39 1.593 1.592 - 1.599 1.602 1.601 - 
40 1.592 1.592 1.592 1.590 1.590 1.589 - 
41 1.592 1.591 1.593 1.592 1.591 1.591 - 
42 1.599 - - 1.600 1.600 1.600 1.601 
43 1.593 1.593 1.601 1.599 1.600 1.599 - 
44 1.600 1.600 1.605 1.603 1.606 1.606 1.608 
45 1.599 1.600 1.606 1.604 1.607 1.607 1.608 
46 1.599 1.599 1.605 1.603 1.606 1.606 - 
47 1.596 1.595 1.602 1.600 1.603 1.602 - 
48 1.598 - - - - - - 
49 1.598 1.598 1.602 1.602 1.604 1.603 1.605 
50 1.598 1.598 1.603 1.602 1.605 1.604 1.606 
51 1.599 1.599 - 1.604 1.606 1.607 - 
52 1.593 - 1.592 1.591 1.590 1.590 - 
53 1.596 1.595 1.595 1.594 1.594 1.593 - 
54 1.598 - - 1.598 1.598 1.598 1.599 
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55 1.595 1.594 1.600 1.597 1.597 1.597 - 
56 1.601 - - - - - - 
57 - 1.599 1.601 1.602 1.604 1.605 - 
58 1.595 - 1.600 1.599 1.602 1.602 - 
59 1.593 1.592 - 1.597 1.600 1.599 - 
60 1.598 1.598 1.599 1.600 1.603 1.603 - 
61 1.600 1.600 1.603 1.603 - 1.606 - 
62 1.603 - 1.608 1.610 1.613 1.613 - 
63 1.603 1.602 - 1.606 1.609 1.609 1.611 
64 1.602 - 1.600 1.600 1.900 1.599 - 
65 1.598 1.598 1.598 1.597 1.596 1.596 - 
66 1.595 1.595 - 1.596 1.595 1.595 1.5978 
67 1.596 1.595 - - - - - 
68 1.591 1.591 1.592 1.593 1.595 1.596 - 
69 1.586 1.587 1.588 1.588 1.591 1.592 - 
70 1.591 1.591 1.592 1.593 1.596 1.597 - 
71 1.594 1.593 - 1.597 1.600 1.600 - 
72 1.598 1.598 1.600 1.601 1.603 1.604 1.606 
73 1.598 1.600 1.602 1.603 1.605 - 1.608 
74 1.605 1.607 - 1.610 1.613 1.614 1.616 
75 1.604 - 1.608 1.606 1.609 1.609 1.610 
76 1.599 1.598 1.597 1.597 1.595 1.595 - 
77 1.598 1.597 1.598 1.597 1.596 1.595 - 
78 1.598 1.597 1.598 1.598 1.597 1.497 1.598 
79 1.595 1.594 1.598 1.596 1.597 1.597 - 
80 1.589 1.588 1.591 1.591 1.593 1.593 - 
81 1.587 1.587 1.589 1.589 1.592 1.592 - 
82 1.592 1.592 1.595 1.595 1.597 1.597 1.599 
83 1.596 1.594 1.597 1.596 1.597 1.598 - 
84 1.593 1.595 1.596 1.597 1.600 1.600 1.602 
85 1.593 1.594 - 1.599 1.601 1.602 1.605 
86 1.600 1.601 - 1.606 1.608 1.609 1.612 
87 1.605 1.603 - 1.608 1.610 1.611 1.613 
88 1.599 1.598 - 1.596 1.594 1.594 - 
89 1.595 1.594 1.595 1.593 1.592 1.592 - 
90 1.595 1.594 1.597 1.595 1.594 1.593 1.595 
91 1.598 1.597 1.601 1.599 1.600 1.599 - 
92 1.592 1.592 1.596 1.594 1.596 1.597 - 
93 1.594 1.594 - 1.597 1.598 1.598 - 
94 1.598 1.595 1.600 1.600 1.600 1.600 - 
95 1.598 1.598 1.598 1.597 1.598 1.599 - 
96 1.592 1.593 1.598 1.598 1.600 1.601 1.603 
97 1.587 1.589 1.595 1.594 1.596 1.598 1.599 
98 1.593 1.595 1.601 1.601 1.604 1.604 - 
99 1.606 1.602 - - 1.609 1.610 - 
100 1.592 1.590 - 1.588 1.587 1.588 - 
101 1.593 1.591 - 1.591 1.590 1.590 - 
102 1.590 1.588 - 1.589 1.589 1.589 1.589 
103 1.591 1.589 1.593 1.591 1.592 1.591 - 
104 1.591 1.590 1.593 1.592 - - - 
105 1.592 1.592 1.595 1.594 1.595 1.596 - 
106 1.594 1.594 1.598 1.597 1.598 1.598 - 
107 1.597 1.597 1.599 1.598 1.600 1.600 - 
108 1.588 1.589 1.593 1.593 1.594 - 1.596 
109 1.587 1.588 1.593 1.593 1.595 1.597 1.597 
110 1.593 1.596 1.601 1.601 1.602 1.603 - 
111 1.603 - 1.607 1.606 1.607 1.609 1.610 
112 1.591 1.590 1.588 1.588 1.586 1.586 - 
113 1.586 1.585 1.585 1.584 1.583 1.583 - 
114 1.590 1.589 1.590 1.590 1.588 1.588 - 
115 1.589 1.588 - 1.589 - - - 
116 1.589 1.589 1.591 1.590 1.591 - 1.593 
117 1.587 1.588 1.589 1.589 1.590 - 1.592 
118 1.592 1.592 1.594 1.594 1.596 1.597 1.598 
119 1.592 1.591 1.592 1.593 1.593 - 1.595 
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120 1.602 1.601 1.607 1.606 - - - 
121 1.591 1.590 1.592 1.590 1.590 1.590 - 
122 1.593 1.592 1.593 1.594 1.594 - 1.596 
123 1.602 1.601 1.609 1.607 1.607 1.609 1.609 
183 1.598 1.598 1.607 1.604 1.603 1.603 - 
184 1.596 1.596 1.605 1.603 1.604 1.603 - 
185 1.602 - 1.613 1.609 1.612 1.611 - 
186 1.597 1.597 1.604 1.602 1.605 1.604 - 
187 1.598 1.596 1.601 1.600 1.599 1.598 - 
188 1.598 1.595 1.599 1.597 1.598 1.598 - 
189 1.594 1.593 - 1.596 1.597 1.598 - 
190 1.598 1.597 1.600 1.600 1.602 1.602 1.604 
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A.4 SURVEY RESULTS OF LEVEL 5  
 
Reduced Level= 24.200 m 
 
Table A.4.1 Survey results of Level 5 
DATE 7/9/07 2/10/07 22/10/07 6/12/07 4/2/08 14/3/08 
POINT no.       
1 1.594 - 1.593 1.594 1.591 - 
2 1.598 1.598 1.598 1.599 1.598 - 
3 1.596 - - - - 1.596 
4 1.595 - 1.593 1.593 1.590 - 
5 1.594 1.596 1.593 1.593 1.590 1.590 
6 1.595 1.598 1.597 1.596 1.593 1.595 
7 1.598 1.600 - 1.599 1.596 1.598 
8 1.595 1.597 - 1.598 1.597 1.599 
9 1.589 1.592 1.593 1.594 1.593 1.595 
10 1.586 1.589 1.589 1.592 1.590 1.592 
11 1.598 1.600 1.600 1.602 1.600 1.602 
12 1.599 1.600 - 1.603 1.602 1.602 
13 1.597 1.599 - 1.602 1.601 1.602 
14 1.592 1.595 1.598 1.600 1.599 - 
15 1.597 1.598 1.599 1.600 1.599 1.600 
16 1.591 - 1.591 1.590 1.587 - 
17 1.590 1.592 1.591 1.590 1.588 1.589 
18 1.592 - 1.596 1.595 1.593 1.595 
19 1.599 1.603 1.602 1.604 1.602 1.602 
20 1.593 - 1.597 1.599 1.598 1.599 
21 1.582 1.587 1.587 1.590 1.588 1.589 
22 1.586 1.591 - 1.594 1.592 1.594 
23 1.587 1.600 1.600 1.603 1.601 1.603 
24 1.598 1.600 1.600 1.603 1.602 1.603 
25 1.594 - 1.599 1.601 1.600 1.601 
26 1.593 - 1.598 1.600 1.599 1.599 
27 1.600 1.603 1.603 1.604 1.603 1.604 
28 1.595 1.596 1.594 1.592 1.591 - 
29 1.590 1.594 1.592 1.591 1.89 1.588 
30 1.591 1.596 1.595 1.595 1.93 1.592 
31 1.597 1.602 1.601 1.602 1.601 1.601 
32 1.599 1.604 1.603 1.605 1.604 1.605 
33 1.592 1.599 1.599 1.601 1.601 1.600 
34 1.592 1.599 1.599 1.601 1.601 1.601 
35 1.594 1.599 1.599 1.603 1.603 1.602 
36 1.593 - 1.598 1.602 1.601 1.601 
37 1.588 1.594 1.594 1.597 1.598 1.597 
38 1.594 1.600 1.601 1.603 1.603 1.602 
39 1.598 1.603 1.603 1.604 1.603 1.603 
40 1.592 1.592 1.590 1.590 1.588 - 
41 1.593 1.595 1.593 1.593 1.590 1.590 
42 1.593 1.598 - 1.596 1.594 1.595 
43 1.598 1.602 1.601 1.602 1.601 1.601 
44 1.597 1.601 1.600 1.603 1.602 1.602 
45 1.594 1.600 1.599 1.602 1.601 1.601 
46 1.598 1.602 1.603 1.606 1.605 1.606 
47 1.593 - 1.598 1.603 1.602 1.603 
48 1.595 1.598 1.598 1.602 1.601 1.602 
49 1.593 1.598 1.598 1.602 1.602 1.602 
50 1.593 1.599 1.599 1.602 1.602 1.602 
51 1.597 1.602 1.602 1.604 1.604 1.605 
52 1.598 1.597 1.595 1.595 1.594 - 
53 1.595 1.596 1.594 1.595 1.592 - 
54 1.591 1.595 - 1.595 1.592 - 
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55 1.599 1.600 1.600 1.602 1.601 1.600 
56 1.594 - 1.597 1.600 1.599 1.599 
57 1.591 - 1.594 - 1.597 1.597 
58 1.591 - 1.596 1.599 1.599 1.599 
59 1.592 1.597 - - - - 
60 1.602 - 1.603 1.606 1.607 1.607 
61 1.598 1.601 1.602 1.605 1.605 1.605 
62 1.599 1.602 1.604 1.607 1.608 1.607 
63 1.597 1.600 1.601 1.603 1.603 1.603 
64 1.598 1.596 1.595 1.594 1.593 - 
65 1.594 1.595 1.594 1.593 1.592 1.590 
66 1.592 - - 1.595 1.593 1.594 
67 1.596 1.598 1.597 1.599 1.598 1.598 
68 1.590 1.591 1.592 1.595 1.594 1.595 
69 1.591 1.593 1.594 - 1.597 - 
70 1.590 1.593 1.595 - 1.599 1.597 
71 1.590 1.593 1.594 1.598 - 1.599 
72 1.596 1.598 1.599 1.602 1.602 1.603 
73 1.592 1.595 1.596 1.600 1.600 1.600 
74 1.602 - 1.607 1.611 1.611 1.611 
75 1.600 1.602 1.603 1.605 1.606 1.606 
76 1.598 1.598 1.596 1.595 1.593 - 
77 1.598 1.598 1.598 1.597 1.596 1.594 
78 1.595 1.597 - 1.597 1.596 - 
79 1.596 1.596 - - - - 
80 1.589 1.591 1.592 1.594 1.592 1.594 
81 1.588 1.590 1.591 1.593 1.593 1.593 
82 1.593 1.595 1.596 1.599 1.598 1.598 
83 1.596 1.598 1.599 1.603 1.602 1.602 
84 1.595 1.597 1.598 1.601 1.602 1.602 
85 1.596 1.600 1.601 1.604 1.604 1.605 
86 1.601 1.605 1.608 1.610 1.610 1.611 
87 1.603 1.606 - - - - 
88 1.600 1.598 1.596 1.594 1.592 - 
89 1.598 1.597 1.595 1.594 1.591 1.594 
90 1.599 1.599 1.598 1.597 1.597 - 
91 1.591 1.591 1.592 1.593 1.591 1.592 
92 1.587 1.587 1.587 - - - 
93 1.586 1.587 1.587 1.589 1.589 1.588 
94 1.591 - 1.593 1.596 1.595 1.596 
95 1.592 1.593 1.594 1.597 1.597 1.597 
96 1.592 1.595 1.595 1.598 1.598 1.598 
97 1.592 1.597 1.598 1.601 1.600 1.601 
98 1.597 - 1.603 1.606 1.606 1.606 
99 1.591 - - 1.597 1.598 - 
100 1.598 1.596 1.593 1.592 1.590 - 
101 1.597 1.596 1.594 1.592 1.591 1.590 
102 1.591 1.592 1.590 1.590 1.588 1.588 
103 1.590 1.590 1.589 1.590 1.589 1.588 
104 1.587 1.588 1.587 1.588 1.588 1.507 
105 1.592 1.592 1.592 1.593 1.593 1.593 
106 1.591 - 1.592 1.594 1.593 1.593 
107 1.592 1.593 1.594 1.595 1.595 1.595 
108 1.593 1.595 1.596 1.598 1.598 1.598 
109 1.597 1.600 1.601 1.603 1.603 1.604 
110 1.597 1.602 1.603 1.605 1.605 1.606 
111 1.595 1.599 1.600 1.601 1.601 1.602 
112 1.599 - 1.596 1.594 1.592 - 
113 1.593 1.593 1.591 1.590 1.588 - 
114 1.590 - - 1.588 1.588 - 
115 1.593 1.594 - 1.592 1.590 1.590 
116 1.588 1.588 - 1.589 1.589 1.588 
117 1.592 1.592 - 1.593 1.593 1.593 
118 1.589 - - 1.592 1.591 1.591 
119 1.595 1.597 1.596 1.597 1.596 1.597 
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120 1.599 1.602 1.603 1.605 1.605 1.606 
121 1.593 1.593 - - - - 
122 1.593 1.593 1.593 1.595 1.593 1.594 
123 1.598 1.602 1.603 1.605 1.605 1.605 
183 1.594 1.600 1.600 1.600 1.599 1.599 
184 1.600 1.606 1.604 1.606 1.605 1.605 
185 1.598 1.603 1.604 1.607 1.607 1.607 
186 1.592 1.597 1.598 1.602 1.601 1.600 
187 1.596 1.598 1.596 1.596 1.595 - 
188 1.588 1.588 1.587 1.588 1.588 1.588 
189 1.589 - - - - - 
190 1.592 1.594 1.595 1.598 1.598 1.598 
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A.5 SURVEY RESULTS OF LEVEL 11  
 
Reduced Level= 47.000 m 
 
Table A.5.1 Survey results of Level 11 
DATE 30/11/07 12/12/07 4/2/08 16/4/08 2/6/08 12/8/08 15/9/08 
POINT no.        
1 1.486 1.488 1.486 1.488 1.488 1.490 1.490 
2 1.485 1.487 1.485 1.485 1.485 1.487 1.486 
3 1.485 1.485 1.484 1.486 - - - 
4 - - - - - - - 
5 1.488 1.489 1.487 1.489 1.489 1.491 1.490 
6 1.491 1.493 1.490 1.492 1.492 1.494 1.494 
7 1.492 1.492 1.489 1.493 1.494 1.496 1.495 
8 1.494 1.495 - - 1.496 1.497 1.497 
9 1.495 1.496 1.493 1.496 1.497 1.498 1.498 
10 1.495 1.495 1.494 1.497 1.496 1.498 1.497 
11 1.496 1.497 1.494 1.498 1.498 1.499 1.498 
12 1.494 1.494 1.494 1.495 1.496 1.498 1.497 
13 1.494 1.495 - 1.495 1.496 1.498 1.497 
14 1.497 - - - - - - 
15 1.490 - - - - - - 
16 - - - - - - - 
17 1.491 1.494 1.489 1.491 1.491 1.493 1.493 
18 1.490 1.492 1.489 1.493 1.493 1.495 1.495 
19 1.492 1.494 1.492 1.498 1.497 1.499 1.499 
20 1.499 1.502 - - - - - 
21 1.496 1.498 - - - - - 
22 1.495 1.496 1.493 1.498 1.498 1.499 1.499 
23 1.498 1.499 - - - - - 
24 1.504 1.504 1.501 1.504 1.505 1.507 1.506 
25 1.495 1.497 1.495 - 1.498 1.500 1.499 
26 1.497 - - - - - - 
27 1.490 - - - - - - 
28 - - - - - - - 
29 - - - - - - - 
30 1.495 1.497 1.495 1.499 1.498 1.500 1.501 
31 1.499 1.502 1.501 1.504 1.505 1.507 1.507 
32 1.506 1.509 - - - - - 
33 1.505 1.506 - - - - - 
34 1.502 1.503 1.502 - - - - 
35 1.508 1.508 - - - - - 
36 1.507 1.508 1.505 1.510 1.509 - - 
37 1.505 1.505 1.505 1.507 - 1.509 1.509 
38 1.501 - - - - - - 
39 1.497 - - - - - - 
40 - - - - - - - 
41 1.492 1.493 1.490 - - 1.495 1.494 
42 1.493 1.494 1.492 1.495 1.494 1.496 1.496 
43 1.503 1.506 1.505 1.509 1.509 1.511 1.511 
44 1.510 1.512 - - - - - 
45 1.507 1.508 - - - - - 
46 1.505 1.504 1.504 1.507 1.508 1.508 1.508 
47 1.501 1.500 - 1.502 1.502 1.503 1.502 
48 1.501 1.501 1.502 1.504 1.503 1.504 1.504 
49 1.506 1.506 1.507 1.508 1.509 1.510 1.510 
50 1.503 1.504 1.504 - - - - 
51 1.504 1.503 1.504 - - 1.508 1.508 
52 - - - - - - - 
53 1.489 1.489 1.488 1.489 1.489 1.491 1.491 
54 1.490 1.491 1.489 1.489 1.492 1.491 1.493 
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55 1.496 1.498 1.497 1.492 1.501 1.501 1.502 
56 1.502 1.502 1.501 1.501 1.505 1.506 1.507 
57 1.504 1.504 1.503 1.505 1.505 1.505 1.506 
58 1.501 1.500 - 1.502 1.502 1.502 1.503 
59 1.499 1.498 1.499 1.500 1.500 1.501 1.500 
60 1.497 1.497 1.498 1.499 1.499 1.500 1.499 
61 1.500 1.500 1.500 1.501 1.502 1.502 1.502 
62 1.501 1.501 1.502 1.503 1.504 1.503 1.503 
63 1.505 1.507 1.507 1.510 - - - 
64 - - - - - - - 
65 1.489 1.488 1.487 1.487 - 1.488 1.488 
66 1.491 1.491 1.489 1.490 1.490 1.492 1.493 
67 1.494 1.495 1.494 1.497 1.498 1.499 1.498 
68 1.494 1.495 1.494 1.496 1.497 1.498 1.497 
69 1.494 1.493 1.493 - - - - 
70 1.493 1.492 1.492 1.493 1.493 1.494 1.4983 
71 - - - - - - - 
72 1.505 1.505 1.504 1.506 1.506 1.507 1.506 
73 1.502 1.503 1.503 - 1.505 1.506 1.505 
74 1.504 1.505 1.505 - 1.508 1.510 1.509 
75 1.506 1.508 1.507 1.510 - - - 
76 - - - - - - - 
77 1.488 - - - - - - 
78 1.490 1.492 1.490 1.490 1.492 1.494 1.495 
79 1.488 1.490 1.488 1.490 1.491 1.493 1.492 
80 1.496 1.497 - 1.498 1.497 1.499 1.499 
81 1.500 1.500 - - - - - 
82 1.494 1.493 1.493 1.494 1.495 1.495 1.494 
83 1.492 1.490 1.491 1.494 1.493 1.495 1.494 
84 1.505 1.505 1.507 1.508 1.509 1.510 1.509 
85 1.504 1.504 1.503 - - - - 
86 1.506 1.508 1.508 - - - - 
87 1.511 1.514 1.515 1.517 1.519 1.520 1.520 
88 - - - - - - - 
89 1.486 - - - - - - 
90 1.494 1.494 1.492 1.492 1.493 1.495 1.495 
91 1.489 1.490 1.486 1.489 1.491 1.492 1.493 
92 1.492 - - 1.494 1.496 1.498 1.498 
93 1.495 - 1.494 1.495 1.495 1.497 1.496 
94 1.493 1.493 1.492 1.494 1.494 1.495 1.495 
95 1.494 1.493 1.492 - 1.493 1.494 1.494 
96 1.499 1.499 1.500 1.501 1.501 1.502 1.502 
97 1.502 1.501 - - - - - 
98 1.506 1.508 1.508 - - - - 
99 1.510 1.513 - - - - - 
100 - - - - - - - 
101 1.491 - - - - - - 
102 1.492 1.493 1.490 1.490 1.491 1.493 1.494 
103 1.490 1.492 - 1.491 1.492 1.494 1.494 
104 1.490 - - - - 1.495 1.495 
105 1.495 - 1.494 1.496 1.497 1.498 1.497 
106 1.494 1.493 1.493 1.495 1.494 1.495 1.495 
107 - - - - - - - 
108 1.497 1.497 1.499 1.500 - - - 
109 1.499 1.500 1.501 1.502 - - - 
110 1.501 1.503 1.504 - - - - 
111 1.508 1.510 1.512 - - 1.516 - 
112 - - - - - - - 
113 1.495 - - - - - - 
114 1.493 1.493 1.491 1.491 1.492 1.494 1.494 
115 1.491 1.493 - 1.493 1.493 1.495 1.495 
116 1.490 1.491 - 1.491 1.490 1.492 1.492 
117 1.490 1.490 1.488 1.490 - - - 
118 1.495 - - - - - - 
119 - - - - - - - 
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120 1.507 1.508 1.510 - - - - 
121 1.490 1.492 - 1.490 1.492 1.494 1.495 
122 - - - - - - - 
123 1.506 1.507 1.509 - - - - 
183 1.498 1.501 - - - - - 
184 1.505 1.507 1.506 1.510 1.511 1.513 1.514 
185 1.506 1.506 1.506 1.510 1.509 1.510 1.510 
186 1.504 1.504 1.504 - 1.507 1.509 - 
187 1.493 1.495 1.491 1.493 1.494 1.496 1.496 
188 1.487 1.489 - - 1.492 1.493 1.493 
189 1.490 1.489 1.489 - 1.491 1.491 1.491 
190 1.501 1.500 - - - - - 
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APPENDIX B 
 
TEMPERATURE AND RELATIVE HUMIDITY 
 
The temperature and relative humidity are taken from the web site of 
www.bom.gov.au/vic/ of Bureau of Meteorology, Australia. These observations were 
from Melbourne Regional Office, Bureau of Meteorology. 
 
Table B.1 Temperature and relative humidity in Melbourne during 
construction period   
Month Year 
Temperature Relative 
Humidity Minimum Maximum 
June 2007 7.2 14.1 71 
July 2007 6.9 13.8 69 
August 2007 8.9 17.3 59 
September 2007 9.3 18.8 48 
October 2007 11.6 21.4 46 
November 2007 14.3 24.4 56 
December 2007 15.8 26.8 52 
January 2008 17.6 27.9 54 
February 2008 15.9 24.9 58 
March 2008 14.6 27.1 51 
April 2008 11.2 21.0 56 
May 2008 9.0 17.3 66 
June 2008 9.8 15.8 69 
July 2008 6.8 14.2 65 
August 2008 7.3 14.7 63 
September 2008 9.7 19.4 46 
October 2008 11.6 22.1 46 
November 2008 12.6 23.0 53 
December 2008 13.4 23.3 55 
 
 
 
 
 
 
